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INTRODUCTION 



Soon after Albert Einstein has presented the general theory of relativity, 
Hermann Weyl made an attempt to derive the electromagnetic force as well as the grav- 



itational force from one common geometric structure of the space-time. ||39|| The starting 
point of his theory is to insist that there is no preferred scale structure in the universe, 
so that we have to choose a gauge at each space-time point to measure the length of 
material bodies. Once a gauge is chosen, scales at neighboring two points are compared 
with the use of a one form Lp^dx^. Namely, when a unit at a point with coordinate is 
transported to a point with coordinate x^ + Ax'^, it is observed as (1 — v9^(x)Ax^)-times 
the unit there. If the gauge is changed, the one form (p^dx^^ and the metric g^ydx'^dx^ are 
transformed as 

where r is a function valued in positive real numbers. He identified such one form if^dx'^ 
as the electromagnetic-potential and developped a theory with the guiding principle of 
gauge invariance. 

His theory itself was not accepted by physical reasons but the principle of gauge in- 
variance survived over the years and became one of the most important guiding principles 
in constructing candidates for the fundamental theory of particles and fields. 

After the birth of quantum mechanics, Weyl himself found that this principle is appli- 
cable to the Dirac's theory of electrons provided the 'length' in the original argument is 
replaced by the 'phase' which has nothing to do with the metric Qf^,^. The theory of electron 
field ip interacting with the electromagnetic fields is invariant under the transformation 

where —iA^dx^^ is the electromagnetic potential and e*^ is a function of the space-time M 
with values in the group U{1) of phases. More importantly, nothing like the phase of ip 
or the value of the potential —iA^ can be observed by physical measurements. 

Proceeding analogously to the original argument, we may consider the value iplx) of the 
electron field at a point x as the measured value with respect to a chosen 'f/(l)-gauge' at x 
denoted by a symbol s{x). The transformation ^(x) e~^^^^''ip{x) can then be considered 
as the effect of the change of gauge which is denoted by s{x) s{x)e^^^^\ so that the 
composite of gauge and coefficient looks invariant s{x) -^(x) = s{x)e'^^^^^ ■ e~^^^^^ijj(x). We 
are now tempted to introduce the set P of all [/(l)-gauges over the space-time points. 
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There is a projection n : P M such that the inverse image Px = 7i^^{x) of a point x is 
the set of L'^(l)-gauges at x. There is an action on P of the group U{1) coming from the 
changing of gauges. A choice of gauge over M, or equivalently a choice of gauge at each 
point of M corresponds to the map s : M ^ P such that s{x) is a gauge at x. Such a 
map is called a section of P or simply a gauge. If we can find a section s with respect to 
which the electron field behaves smoothly, we can identify P with the smooth manifold 
M X U{1) by s{x)e^^ ^ {x,e'^). 

If we define the set Px u{i^ for y = C"* as the set of equivalence classes in P x \/ under 
the equivalence relation {u,v) ~ (we*^, e^*^?;), then, the electron field ^ is a function on 
M valued in Pxij(i^V where the value ^(x) at x is the class represented by {s{x),iIj{x)) 
and denoted by s{x) ■ ip{x). There is also a projection vry : PX[/(i)y M such that the 
inverse image = T^v^ix) of a point is identified with the vector space V. 

If X and x' are two points in the space-time M, "^{x) and \E'(a;') belong to different 
vector spaces \4 and Vx'. With the use of the potential —iAfj_dx^, the comparison of two 
vectors becomes possible for infinitesimal separation between x and x'. Namely, if x and x' 
are 'near' to each other with the separation Ax^, the vector s{x) -iplx) G \4 is transported 
to s{x') ■ (1 — A^{x)Ax'^)iIj{x) G Vx' and compared with the vector s{x') -ip^x') G Vx'. It is 
easy to see that this transport is invariant under the change of the defining gauge s se*^ 
together with the transformation of given above. It is called the parallel transport with 
respect to A^dx'^. Taking the limit Ax^ ^ of the difference, we obtain the covariant 
derivative ((4^(2;) = dx^s{x) ■ {d^j, + A^)'il){x). The parallel transports assign to each point 
■u of P a subspacc i/„P (called the horizontal subspace) of the tangent space T„P of P 
consisting of vectors tangent to the curves s{x^ + tAx^)e^^'^^'^^'^^^''u where u = s{x)u. 
This assignment is f/(l)-covariant in the sense that HuP is mapped by e*^ G U{1) to 
H^^toP. Hence the electromagnetic potential —iA^dx^ gives rise to a geometric structure 
of the space P of gauges. In this sense, A^dx^ can be referred to as the gauge field. 

This observation has lead to the theory of connections of principal bundles. It gen- 
eralizes the above theory of gauges and gauge fields to the situation in which the group 
f/(l) may be any Lie group H and in which there may not be a globally defined section 
s : M ^ P. Roughly speaking, a principal iJ-bundlc P is a set of all if-gauges at points 
of M . A connection A is to assign a horizontal subspace to each tangent space of P in 
i/-covariant way. If we choose an if-gauge s : U ^ P over an open set U of M, the 
connection A defines a one form A^ = AJj^dx'^ on U valued in Lie(iJ) called the gauge 
field, in the similar way as in the case of electromagnetism. Under the change s ^ sg oi 
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gauges, is transformed as 

A' — > A'^ = g-^A'g + g^^dg . 

For a representation p : H ^ GL(y) on a vector space V, we can associate to a principal 
bundle P over M a vector bundle Px^V over M defined by the equivalence relation 
{u,v) ~ {uh, p{h)''^v) in P xV. A connection A determines a covariant derivative dA on 
sections of PxhV just as in the case of electron fields. 

The above is a purely mathematical generalization. However, with the aid of experi- 
mental supports, Yang-Mills fields which are generalizations of the electromagnetic fields 
to the case of H = SU{2) or SU{3) have come to be believed to mediate some of the 
fundamental interactions of nature. 

According to R.P.Feynman, in such a quantum gauge theory, we have to sum over 
all configurations that the gauge field can take. A question arises : Should we sum over 
connections also of non-trivial principal bundles? (A principal bundle P over M is said 
to be trivial when we can find a globally defined continuous section s : M ^ P.) An 
affirmative answer was found in thel970s. The large mass of 1]' meson may be explained 
by taking into account the gauge fields of all possible kinds of S't/(3)-bundles over S"^. 
Hence, it seems important to investigate quantum gauge theory for topologically non- 
trivial configurations and to "sum over topologies" . 

It seems that things become easier if we consider quantum gauge theories in lower 
dimensions. Especially in two dimensions, it has been observed that exact treatment 
becomes possible for some class of conformally invariant theories by a neat handling of 
the infinite dimensional symmetry and its representation theory. In this paper, we shall 
study exact relationship between the amplitudes for topologically distinct configurations 
in gauged Wess-Zumino-Witten (WZW) models — a class of soluble conformaly invariant 
theories. 



This work is inspired by the following observation |T^, |2^, |2^. The infinite conformal 
symmetries of the gauged WZW model with compact target group G and compact gauge 
group H are identified with the Virasoro generators by the so called G/H coset con- 



struction [M. This G/H coset constructed Virasoro algebra acts on the space of highest 



weight vectors for the iZ-current algebra in the representation spaces of the G-current 
algebra. A certain class of external automorphisms of G and if-current algebra, called 
spectral flows, keep invariant the coset constructed Virasoro generators and the highest 
weight vector conditions for the if-current algebra. Then, a spectral flow induces a cer- 
tain identification of states with respect to the coset Virasoro algebra. At this stage, a 



4 



natural question arises : "Does this algebraic identification of states 7|0) = \0) lead to 
the identification of the corresponding quantum fields 7O = O ?" To this problem, there 
has been no answer with satisfactory explanation. The present paper gives the following 
answer : "Yes, provided that the gauge group H is chosen appropriately within the local 
isomorphism class and that the contributions from all the topological types of if-bundles 
are taken into account." A more refined statement is that a correlator for an iZ-bundle 
P with 70-insertion at a point coinsides with a correlator for another bundle P7 with 
0-insertion at the same point. 

The above answer has the following significance. First of all, it shows that a large 
number of soluble conformal field theories are precisely described as lagrange field thories. 
Any of the unitary minimal models (bosonic or supersymmetric) , parafermionic models, 
N = 2 coset models or the twisted topological models and so on is equivalent to a 
gauged WZW model (or WZW model and free fermionic systems coupled to gauge field) 
with suitable choice of the gauge group. For example, {k + 2, k + 3)-minimal model is 
equivalent to the level {k, 1) WZW model with target SU{2) x SU{2) and gauge group 
S'0(3) = SU{2)/7i2 which acts on the target group by h : ((71,(72) ^ {hgih~^ , hg2h~^) . 
Second, it may help to calculate the correlators. The calculation of a correlator for 
if-bundle P with 0-insertion may be easier than the calculation of the correlator for 
//-bundle P'y~^ with insertion 7O or vise versa. 

The answer is based on the obvious identification 

no{LH) = 7r,{H) , (0.1) 

between the set of connected components of the loop group LH and the fundamental 
group of H. A spectral flow mentioned above can be thought of as a representative of an 
element of ttq{LH) and tti{H) is identified with the set of topological types of //-bundles. 
So it seems that we have only to interpret the spectral flow as acting on the set of H- 



bundles through the above identification (p.l|) , as implied in ||2^. However, the story is 
more involved. 

In the actual treatment of quantum gauge theory, we first perform the integration 
along each orbit of the chiral gauge transformations —>■ h'^A^h + h^^d^h which 
is analogous to Weyl's original gauge transformations, and then sum up over the orbits 
(=over the isomorphism classes of holomorphic //c-bundles) . Then, we arrive at the 
following three systems coupled to the common background gauge field representing an 
isomorphism class of holomorphic //c-bundles : G-WZW model with positive integral 
level, Hq / H-WZW model with negative level and a free fermionic system called the ghost 
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system. Hence we must find a spectral flow that can be interpreted as acting on the set 
of isomorphism classes of holomorphic i^c-bundles. It turns out that this is possible only 
if H is abelian for which the moduli space of holomorphic ifc-bundles of one topological 
type is isomorphic to that of another. 

In general, the moduli spaces for different topological types are not isomorphic. On the 
sphere, since there is only one holomorphic f/c-bundle for each topological type that gives 
a non-negligible contribution to the correlator, the spectral flow may be interpreted as 
mapping one 'moduli space' to another. However, the transformation by a spectral flow on 
the set of gauge invariant fields is intricate and unclear perhaps because the transformation 
on the representing gauge fields is not canonically determined. This intricacy of the 
spectral flow has been observed in ref.|2^ which deals with the twisted N = 2 coset 



models on the sphere. 

Hence, for a general compact group H, we need further reformulation. The solution 
is to refer to the flag structure at the insertion point of the field under consideration. 
We define a field 0{f) called the flag partner of O for each gauge invariant field O and 
for each flag / at the insertion point. It is shown that the integration of 0{f) over flags 
reproduces O. The spectral flow is defined with respect to a flag and is shown to act on 
the set of flag partners 0{f) lO{f). The same spectral flow can be interpreted to act 
on the set of isomorphism classes of holomorphic i^c-bundles with flag structure at the 
insertion point. It is checked in several examples that a component of the moduli space 
relevant in the path-integral is transformed by such a spectral flow to another relevant 
component of the moduli space. In this way, we arrive at the above answer. 

The rest of this paper is organized as follows. 

In Chapter 1, we quantize the free fermionic systems with background gauge fields. 
The representations of infinite dimensional groups on the space of states are discussed 
and the spectral flow is geometrically realized. 

In Chapter 2, we deal with the WZW model of compact simply connected target 
group G coupled to background gauge field with gauge group G/Zq- WZW actions 
for topologically non-trivial G/Zc-bundles are constructed. Gauge covariant operator 
formalism is developped and the spectral flow is again realized with geometric meaning. 

In Chapter 3, we give a method to perform the integration over the gauge fields. The 
structure of orbits for the chiral gauge transformation group is reviewed. Neglecting irrel- 
evant orbits, a correlator is expressed as an integral over the moduli space of holomorphic 
i^C-bundles. The latter half of the chapter is devoted to the analysis of of He / if-WZW 
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model which describes an integral over each chiral gauge orbit. 

In Chapter 4, we show the relations between correlators leading to the field identifica- 
tions. We first introduce the fiag partners of gauge invariant fields and find new integral 
expressions for correlators — integrals over the moduli space of holomorphic i^c-bundles 
with fiag structure at one point. In several examples, we give explicit description of the 
moduli space of holomorphic i^c-bundles with fiag structure that gives non-negligible 
contribution to the integral. Observing the above mentioned identification of the moduli 
spaces, we obtain the desired relations. 

Chapter 5 is the application of the theory of field identification. The existence of 
a gauge invariant field fixed by a spectral fiow is shown to imply the non-vanishing of 
the partition function for the corresponding iJ-bundle on the torus. The calculation is 
attempted for the SU{2) x SU{2) WZW model coupled to the gauge fields of the non- 
trivial 5'0(3)-bundle. 

The main part is Chapter 4. Among several new results, the following are the principal 
products of the paper which play essential roles in the derivation of the relation ( [4.0. 1| ) 
that leads to field identification: 



(i) the equation ( [4.1.20|) which expresses a dressed gauge invariant field as an integral 
over the fiag manifold, 

(ii) the new integral expression ([4.2.22|) for correlation functions. 
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CHAPTER 1. FREE FERMIONS 



In the first chapter, we review the theory of free fermionic systems on a Rie- 
mann surface. In this paper, free fermions appear in two different ways : As a constituent 
of the matter system and as a ghost system which is indispensable in the consideration of 
gauge theories. In the present chapter, we first consider the simplest case of one component 
fermions of spin (A, 1 — A) where A e |Z, and next consider the general multi-component 
ones. We proceed from the functional integral quantization to the operator formalism. 
After establishing the field-state correspondence, we look at the effect of screening lo- 
cal fields by external gauge fields of certain configurations. This leads to the geometric 
definition of the spectral fiow. 

Now we start with an action integral 

/S,L= 7^ / (1-0.1) 

S is a compact oriented two-dimensional Ricmannian manifold with metric g without 
boundary. The metric g makes S a Ricmann surface with canonical bundle K = T*'Eq'^\ 
Roughly speaking, X is a holomorphic line bundle with local holomorphic section dz 
where z is a local coordinate of the Riemann surface S. We choose also a hermitian 
line bundle L with [/(l)-conncction d^- is an anti-commuting field taking values in 
K^^^ ® L where 1 — A is the spin of ■xp- takes values in ® , takes values in 
K^"^ (8) and -0+ takes values in (8) L. Note that is a holomorphic line bundle 
with local holomorphic section {dz)^. If A is a half-integer, we must choose a sign, i. e. 
we choose a spin structure within the 2^^-possibilities where g is the genus of S. Ba is the 
(0, 1) part of the covariant exterior derivative on K^''^ L: If we choose a local frame 
{dzy^'^® a and express ■0+ as {dzY^'^'^aijj'^ , we have Ba i>+ = {dzY~^®adz{dz + )'?/'+ 
where dA(J — o ■ A"'. The operator Ba determines a holomorphic structure on K^~^ (8) L 
by the following statement : A local section ^0 is holomorphic when Bai/^ — 0. 

1.1 Path Integral Quantization 

The metric g and the hermitian structure of L introduce hermitian inner products 
on the spaces of sections such as 0°(E, K^~''^ ® L) or as i^^"'** L). These inner 

products in turn define Laplace operators B^Ba on Q^(Ti, K^~^^ ® L) and Vl^{Ti,K^ ® 
L-^) and d\dA on Vt^{T.,K^-^ ® L'^) and VP{T.,K^ ® L). Then, using the spectral 
decomposition we can define a measure for functional integration if we regularize in a 
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suitable way the infinite product of eigenvalues of the Laplacian (see e.g. |3J], |3^). That 
is, we can consider the following path integral: 

Zs,L(g,A;0) = I e-^---0, (1.1.1) 

where O = 0{ip+,il)+,ilj-,ip-) is any functional of finitely many V^i's and ip±^s. For the 
integral to be non vanishing, O must include fermionic integration parameters for the 
zero modes of and Oa- By the Riemann-Roch theorem, the necessary condition for the 
non vanishing is jj (9 = ci{L) + (2A — — g) , where we count the fermion number by 
tlV'+ = 1 and tlV^_ = -1. 

As follows from the translational invariance of the measure Vipijj, inserted in the 
correlator, the field behaves as a holomorphic section of K^^^ ® L over the region 
without any other operator-insertion. In the same sense, behaves holomorphically 
and behave anti-holomorphically. Another important property is the behavior of the 
correlation functions including ip+{z)tp~{w) as z approaches w: 

Zj,,L{g,A; O ) ~ G,Az,w)Zj,,L{g.A-0). (1.1.2) 

Gg^z.w) is the green function for the Oa operator. Using local holomorphic frames dz 
and a oi K and L, we can write the asymptotic behavior as 

il^-{z)ij+{w) = {dzt m{z)-^ I ^— + :C W^TH: | (rf^)L"'®^H- (1-1-3) 

L Z- XL) J 

The expression : ip'L{z)il)\{w) : is regular as, z ^ w and we call this the regularized product 
of the coefficients ip'L{z) and ip'^{w). 

Anomaly and Ward Identities 

Next we look at the response of path integrals to variations of g and A. We define the 
fermion number current J and the energy-momentum tensor T by 



O). (1.1.4) 



5Zs,l( g,A-0) = Z^,L ( A ; [ 1^ ^d\ Sf'Tat + ^ JSA 

We first consider the variation of (g. A) which preserves the holomorphic structure 
of (S,L). Let be a real valued function on S and h : L — > L be an automorphism 
of complex line bundle. We consider the conformal transformation g —>■ ge'^ and chiral 
gauge transformation A ^ A^ where the latter is given by dAh = h^^dAh. Note that the 
classical action is invariant under these transformations together with the replacement 



^Here, ci{L) ~ ci{L, cIa) is an integer, not a cohomology class. We often use this abbreviated form. 
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■j/'i — >■ h^ip± and h*^il)±. In quantum theory, however, due to the regularization of 

the infinite determinant, this invariance is only preserved up to a prefactor [|l^]: 

Zs,z.( get A^-0) = e^fe^;'^=^'^*)Zs,L( g^A-hO), (1.1.5) 

where the exponent of the prefactor is given by 



Att Jt, 

. 2 



d^d^ -2[FA+[\-]^]Re]v 



1.1.6) 



c\ = \ — \2 [\ — ^ is a number called the central charge of the system. is a real valued 
function defined by hh* = e*^. hO is given by hO{ip±, ip±) = 0{h~^ilj+, ip-h, h*i{)+, ip_h*^^). 
Rq (resp. Fa) is the curvature of (resp. L) determined by g (resp. A). This phe- 
nomenon is called conformal and chiral anomaly. Note also that the prefactor I{g, A; (p, hh*) 
is zero for the unitary automorphism h : L — > L where hh* = 1. This fact is important 
when we consider gauge theory. 

Taking the differentials at the identity element of the group of conformal and chiral 
gauge transformations, we can obtain some usefuU identities out of the formula ( |1.1.5|) of 
anomaly. One of them is the current Ward identity: 

1 



2^ 



J^{e + e*)(^FA + (a - ^) Re) ^e,l( g,A;0) + Z^^^^g, A ] J{e)0 + J{e)0 



where e is an infinitesimal chiral gauge transformation, that is, a section of EndL (which is 
trivial in this abehan case). J(e) and J(e) are operators defined by J{e)0 = {■^)oO{e^^''ip±, ip±) 
and J{e)0 = {■^)oO{ip±, e"^^^* ijj±). From this, we can read that the current J is a holo- 
morphic one form and J is anti-holomorphic one form on an open set without another 
field-insertion nor with curvature. Then by the same equation, we see that if O is a local 
field inserted at a; G S and e is a holomorphic function on a neighborhood U of x over 
which g and A are chosen to be fiat , the following relations hold: 

-Lj;,jo = J{e)0, zlle*JO = J{e)0, (1.1.8) 
2m Jx 2txi Jx 



where the contour in U encircles x once. The equations ( p..l.8|) generalize the definition 



of J(e) and J(e*) to the case where e is a meromorphic function with possible singularity 
at X. Such J(e) corresponds to the variation of A which amounts to some deformation of 
the holomorphic structure of L. 
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The formula ( |1.1.5|) shows also that the (1, 1) part of the energy momentum tensor is 
given by 

T,, = -^R0,2 + f A - i ) Fa..-. (1.1.9) 



12 ' V 2 
We see that we have T.. = on a region where g and A are flat. 

Next, we consider the directions of variation of (g, A) associated to a diffeomorphism / 
of S. The metric g is naturally transformed to f*g and consequently K is transformed to 
f*K. But there is no natural way to transform A preserving L since there is no natural way 
to lift the action of / to L. For a one parameter group of diffeomorphisms ft generated by 
some vector field v, however, we can lift the action to L : the horizontal lift ft : L — > L 
along the paths. This induces an automorphism ff of Q*(T,,L) by ffip = ff^ ° ° ft 
for ip G f2*(S,L). The variation A ^ At is defined by = ffdAft"^ and we have 
Ma = i{v)FA. Let fl : il*(S, K" ® L) ^]*(S, f^K" L) be the transformation acting 
as fl on i^'-part and ff on L-part. We can see that the variation (g. A) {ftS^ At) is 
isospectral in the sense that fl preserves the spectrum of the Laplacians. Therefore, we 
have an identity: 

Z^A f;g, At;0) = Z^^g, A-JtO), (1.1.10) 
where ftO is given by ftO = 0{fli)±, fli)±). Taking the derivative at t = 0, we have 

Zj,Ag,A\^. I dzdz\d,v'T,, + {V-.v' + V,v')T,, + d-,v'T,-Ao) (1.1.11) 

& ^ ; ^ ^^^^( Jz^'Pazz + J-zV^Faz-z ) ) = ^e,l( A-UO), 

where L^O is defined by L^O = {-^)oftO. As in the case of the current J, T^zidzY 
is holomorphic and T^zidzY is antiholomorphic on an open set without curvature or 
without field- insert ion. When there is a local field insertion in a fiat neighborhood, the 
Ward identity ( |1.1.12|) shows the following relations: 

^ ^ dzv^{z)T,,0 = L^0, — (f dzv'{z)T,,0 = UO , (1.1.12) 



27ri Jx 2Tii 

where O is an local field inserted at x , the contours encircle x and v = v^{z)d/dz is 
a holomorphic vector field around x. We can use these equations to define and Ly 
for V a meromorphic vector field with possible singularity at x. Such a v corresponds 
to the deformation of complex structure of S. We exemplify the action of Ly on tp± for 
holomorphic v. 

Lytp+^x) = (1 - X) — {x)ij+{x) + v''{x)dAzip+{x) . 
oz 
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The Currents in terms of Fundamental Fields 

Now let us try to find expressions for the current J and energy momentum tensor T 
in terms of the fundamental fields and By looking at the classical action J, we 
guess that J = ip-ip+ and T = —Xip_dAip+ + (1 — X)dAip-ip+- But since the product of 
ip-{z) and ip+iw) have singularity as z — > if , we must make sense out of the products 
d^ip-d"^il'+- Natural candidates are the following : 

J = , T = -A ■.^-dAtp+: +(1 - A) : , (1.1.13) 

where the regularized products of the fields are defined by 

:V^_^+:(^) = lim|^4C)r£;"Vi;^^+)^+K) - | , (1.1.14) 

: (.) = Ihn | V^-(C)r£';Vi^^^+)5^^4^.) - J^^^2 + ^ ( ^^^^ " 2(^.)') } , 

: dAi^-^Pv. (z) = Ihn I 5^^_(C)r£t''"Vi:^^+)^4^e) + j^^, - ^(S.^. - 2(^.)^) | . 

In the above expressions, Ce > ^ and are on a geodesic r centered by z with equal 
distance e. t^'^^"'' is the parallel transport of K^^L"-^ along r from ( to z, and rj''^'' is the 
parallel transport of K^®L along r from w to z. uJz = ^^dzgzz is the connection form of 
K~^. We have added the term {dz)'^{dzUJz—2uj'l) /\2 to give —{dzY/{Q — w^Y a covariant 
meaning in the limit e — 0. We have used the data given only by g and A except for the 
direction of the geodesic r. Using the assymptotic behavior of the product 4'-{()ip^{w), 
we find that the limit : ip-ip+ '■ is well defined, but : il)-dA'ip+ '■ w^ll as : dAip-ip+ '■ contains 
an ambiguous term which depends on this choice of the direction and which is present if 
the curvature Fa and i?e are non zero at z. We have decided to discard this term. 

In terms of the regularized product ( |1.1.3| ) of the coefficients ip'^, they are expressed 

as 

J. = ■.r-r+---A:-l^\-^^u;z, (i.i.is) 
= -x:r-dzr+- + {i-^)-dzr-r+- (i-i-ie) 

We can explicitly check that these are independent of the choice of of local holomorphic 
frames dz and a. It is easy to see that the above candidates of current and energy 
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momentum tensor satisfy the Ward identities ( p..l.7|) , ( |1.1.9|) , (|1 . 1 . 1 1| ) . Therefore, we 
conclude that these are the right expressions for J and T in terms of the fundamental 
fields. 



1.2 The Operator Formalism 

We proceed to the construction of the operator formalism. We first calculate the 
commutation relations of the fields ip+, ip- and currents Jz, T^z over a coordinatized an- 
nular open subset of S. After the argument on the path integral over fields on a Riemann 
surface with circle boundary, the space of states is defined. The set of commutation rela- 
tion of currents is then interpreted as an operator algebra of the infinitesimal generators 
of infinite dimensional groups acting on the space of states. 

Let us now choose an annular neighborhood f/ of a parametrized circle c : 5^ — S 
with a complex coordinate system z such that z{c{9)) = e*^. We assume that S = c{S^) 
devides S into two such parts Sqo and Sq that S = Soo U Sq , Sqo fl Sq = 5* and that 
\z{U n Soo)| > 1. We also assume that the metric is chosen to be g^^ = 87r^|zp on U and 
the connection A is chosen to be fiat on U with holonomy e~^'^*" along S. It is easy to 
show that we can choose a unitary frame s of L on U such that d^s = s ■ {—iadO) where 
z = re*^. Then, a{z) = s{z)\z\~°' is a holomorphic frame of L on U : d^cr = a ■ {—a)dz/z. 

Laurent Expansion of Fields and Currents 

Since and tp- are holomorphic sections, we can take the Laurent expansions on U 
with the following coefficients: 

^i") = ^/^-(^)(^) ®aiz)z\ (1.2.2) 

In the above expressions, the contour may be any circle homotopic to S provided the 
homotopy does not pass by any other field insertion. From now on, we take the prescrip- 
tion of radial ordering on U. That is, if ^i{z) and $2(wi) are local operators inserted in 
U with \z\ > \w\, we always put ^i{z) to the left of ^2{'w) in any correlation function. 
Then, from the singular property of the product of ip^ and , we see that the following 
relations hold : 

= Sn+m,0, = . (1.2.3) 
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Therefore '^/'^^'''s and ipl^ -"'s generate an infinite Clifford algebra. We can also take the 
Laurent expansion of the regularized product of the coefficients ip'^ introduced in ( |1.1.3| ): 

n— l+A 

:rW^TH:=E:^^L'Vl+^:^-"-'""M- for \z\ > \w\, 

m,n \ Z / 

where = ^ ^ (1-2.4) 

Using this formula as well as the expressions ( |1.1.15| ), ( |1.1.16| ), and also Uz = and 
A'^ = —adz/z we have the expansions Jz{z) = JnZ'~'^~^ and Tzz{z) = , 
where the coefficients are given by 

Jn = -^-jdz Z^Jz = J2 '■ V'-mV'i+m ■ +^^,0 « + ^n.O " ^) ' (1-2-5) 

Ln = ^Jdzz^^^Tzz (1.2.6) 
= ^{{Xn + m) : : +a : V^i^lV^Sm : } + ^nfl ((^ ~ ^) ^ + ~ |J 

In the radial ordering prescription, they satisfy the following commutation relations : 

',(±)i = rr ,/,(±)i = - - n -U m -\- ( \ — — InZC/il 7//"'".^ 



[Jn, ^l^^] = T^:Sn , [Ln, ^Pi^^] = - [^-Tl + TU ± - - ) 71 T a ) ^^'^U , (1-2.7) 

[Jni Jni\ = nSn+mfi , (1.2.8) 



[Ln, Jm] = -mJm+n ^ ~ 2) ^ ^ni+n,0 , (1.2.9) 
[Ln, Lra] = [u - m)Ln,^n + ^n^^m+nfi ■ (1.2.10) 

Note that J^'s generate the Heisenberg algebra, the Lie algebra of the basic central ex- 
tension of the group LU{1) of smooth loops in f/(l), and that L„'s generate the Virasoro 
algebra of central charge ca, the Lie algebra of a central extension of the group DiffS^ 
of diffeomorphisms of S^. In the following, we interpret this mixed Clifford-Heisenberg- 
Virasoro algebra as an operator algebra on a space of states. 

Path Integral for a Surface with Boundary Circle 

We go over to the holomorphic representations of the fermionic path integrals. Let 
I So, Aq] Oq) be the result of path integration over the fields ip±, 4'± on the interior of So, 
fixing ip+\s and ip-ls tohe ip = Y.n'^nZ~'^{dz / zY~''^®a{z) and ip = J2n'4'nZ~^{dz/zy^^^ 
d-{z) respectively, where ipn and ipn are grassmann odd indeterminates : 

|So,Ao;Oo) = ^=^+|,I^So^±4 e-^-oOo(^±4). (1.2.11) 

i>=i>-\s 
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Similarly, we denote by (Sqo, ^oo! C^oo| the integral over fields on the interior of Sqo with 
the same boundary conditions on tp+\s and ip-\s '■ 

(Soo,Aoo;Ooo| = l^_^\s=^V^^<P±i'±e-''''-OM±i'±)- (1-2.12) 

Then the total path integral is given by {T,oo,Aoo',Ooo\T,o,Aq]Oq), where the pairing is 
the result of path integration / Yin dipndi'n over the fields on the circle S. 

We proceed for a while without rigor until we define the spaces to which these states 
( |1.2.11|) , ( |1.2.12|) belong and give the definition of the pairing. Let us look at the effect 
of the presence of the contour integrals ^!^^\ Obviously, 

|So, Ao; tPl+^Oo ) = ^„ A |So, Ao; ) . (1.2.13) 

With the aid of the equation Oa^P- = ^ which holds on the interior of Sq, we see that 

|Eo,Ao;e^i")Oo) = |So, Aq; )(^ + ^eX) , (1-2.14) 

where e is a grassmann odd parameter and Vn = z"'{dz/ z^^^^a. In a word, the presence 
of ^p^'^ has the effect i{vn) of getting rid of the indeterminate ^p-n■ Similar roles are 
played by ijj^^ and ■ 

Now, let us consider the simple case with Oq = 1. Let H^^'") be the space fi°(5'"'^, C) 
of smooth functions on which is identified, using the frame (^^^ ^cr^^, with the space 
n°{S,K^iS)L-^) of sections of K^iS)L~'^\s- We consider the subspace W^^f^ C H^^") 
identified with the space H^{Tjq, K'^®L^^)\s of sections that extend holomorphically over 
Sq. Since iIj± behaves holomorphically on the interior of Sq, we have 

j> wi)\T.Q, Aq) = for wEW^^f\ (1.2.15) 
and i(t;)|So,Ao) = for v eW'^"^'^^ ■ (1.2.16) 

These conditions together with the anti-holomorphic counterparts determine the state 
|So, Aq) up to constant. To see this, we need to know more about the subspaces W^^' Let 
H+ (resp.H_) be the subspace of H = H*-^'"-* consisting of one particle states z'^{dz/ z)^ ® 
(j^^ of positive frequency n > (resp. negative frequency n < 0). As the following 
argument shows, the subspace W^^J "* is, in a sense, near to z~'^H+ for some integer d. 
Let us cap the boundary S of Sq by the disc = {z~^ G C; \z\ > 1} and denote the 
resulting Riemann surface by Sq. Extend the line bundle Ll^^ to Sq by declairing that 



17 



the frame a extend holomorphically over Dqo and denote the result by Lq. Then, both 

Wg,'"^ n ^^-^H_ ^ H\^o,K^®Lq^) (1.2.17) 
and H/(wg,'"^ + z^-^H_) = H\%, ^ Lq^) (1.2.18) 

are finite dimensional and the difference of the dimensions is given by the index —ci{Lq) + 
(2A — l)(5'o — 1) =: + 1 — A, where go is the genus of So- This shows that Wj^J"-* has a 
dense subspace spanned by a sequence {wn}'^=_d of elements having finite ordre of poles 
at z = oo: 

/ dz\ 



z 



o'^ [z'- + E ^'"^mJ , (1.2.19) 



where Sn = n for sufficiently large n. In this sense we say that W^^J""* has virtual dimen- 
sions d relative to H+. Similar argument shows also that W^,, C H(^^-^'+) have virtual 
dimensions —d relative to z}i^^~'^'~^\ With respect to the natural pairing of H*^^^'^'+) and 
jj(A.-)^ Wj^J '* is contained in the ortho-complement (w 

a-A,+)\ ofWg7^'+^ But the 
virtual dimension of the latter relative to H+ is d and coinsides with that of the former. 
So the pairing 

W^^^"^'+^ X H/Wg,'"^ — > C (1.2.20) 
is non-degenerate. This fact together with the conditions ( |1.2.15| ), ( |1.2.16| ) shows that the 



state |Eo, Ao) is proportional to the "product" of infinite elements: 

oo . oo „ 

|So,Ao)(X Yl fWnij l[ fWni^, (1.2.21) 
n=—d n=—d 

where {wn}^=_d (^6sp.{w„}5^_^) is a base of the space of holomorphic sections of Kq®Lq^ 

- A - ~i 

(resp.anti-holomorphic sections of ® Lq ) having pole at 2; = oo of finite ordre. 

Definition of the Space of States and Representations of Infinite Dimensional Groups 
Motivated by this "semi-infinite product of grassmann odd indeterminates" , we intro- 
duce infinite dimensional grassmann manifold and determinant line bundle which provides 
a natural description of the representation of loop groups on the space of states. The the- 
ory is fully developped in ||3^, and [Q. We choose an inner product on the space H 
of one particle states such that {z'^{dz/ z)^ ®a~^}ri&z forms an orthonormal base and take 
the Hilbert space completion!. The grassmann manifold Gr-^^ relative to the subspace 
H+ is the set of subspaces comparable with H+ where we say that a subspace W C H is 
comparable with II_|_ when the projection W — > H+ is a Fredholm operator ( kernel and 



^In the following, for any subspace we encounter, we always take the completion. 
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cokernel are both finite dimensional ) and the projection W — > H_ is a Hilbert-Schmidt 
operator ( for some orthonormal base {e„}, J2n \\p^~{^n)\\'^ < oo ). For example, W^'^J ■* is 
comparable with H+ since the projection to z^~^H+ ( and hence to H+ ) has finite dimen- 
sional kernel and cokernel as we have seen, and the projection to H_ can be seen to be 
Hilbert-Schmidt by the same argument as in [^. The manifold Gr^^^ consists of infinite 
number of connected components classified by the virtual dimensions relative to H+. The 
group GLres defined by GLres = {/ ^ GL(B.) ; pr^ : /H-t — > H^are both Hilbert-Schmidt} 
acts transitively on Gr^^. It contains as subgroups the group Diff^S^ of orientation pre- 
serving diffeomorphisms of and the group LC* of smooth loops in C* which act on the 
space H by! 

/ G Dtff+S^ -.w^fw and h e LC* : w ^ w.h'K (1.2.22) 

In the above expression, w.h^^ G H is defined by the point-wise multiplication. 

As in the finite dimensional case, we can define the determinant line bundle Det-^^ — > 
Gr-^^ . Since the determinant cannot be defined for general operator on an infinite dimen- 
sional space, GLres does not act on -Detjj+ but its central extension GLres does. @ The 
dual bundle Det^^ has plenty of holomorphic sections. Hence we have a representation 
of GLres on the space T = H^{Gr^^, Det^^) and a representation on its dual J-'u^ = T*. 
An element w, in the determinant line Det^^jyV) over W G Grjj^ of virtual dimension d 
is represented by a base of W with the following property : If we denote the 

integral ^ § Wnip by ip^Wn), the semi-infinite product 

iIj{w,) = ip{w_d)^{w-d+i)^iw_d+2) (1.2.23) 

can be expanded ip{w,) = J2seSd ''i"s(^»)V's by the "monomials" 

i'S = ^s_al/^s_a+ii^s_a+2- ■ ■ for S = {s_d, S_d+2, " " •} (1.2.24) 

where Sd is the set of subsets S = {s^d, S-d+i, ■■} C Z such that s„ < for every 
n and that Sn = n for sufficiently large n. It can be shown that the coefficients 7Ts{w,) 



^It should be noted that the action of Diff+S^ is well-defined only if a is an integer. Otherwise, 



(1.2.22) must be understood as an infinitesimal representation. In the latter case, the operator on H is 



generally unbounded, see |31 . 

''The extension 1 — > C* ^ GLres GLres — > 1 corresponds to the extension of the Lie algebra whose 
cocycle is given by 



Ci di J ' \C2 d; 



trH+(&2Ci - &1C2) 



where y ^ ) is a representation matrix with respect to the decomposition H = H_|- ® H_ 



19 



are square summable: J2s ksl""^.)!^ < oo. By the evaluation map F x Det^^ C, we 
may consider ip{w,) as an element of and the vector space spanned by monomials 
{ips ; S G 5 = UdSd} can be shown to be a dense subspace of J-'n^. Together with the 
observation (|1.2.21|), this makes us to decide to take jFjj as ( the holomorphic part of ) 



the space of states |So, Aq; Oq) appearing on the outgoing circle. 

We can now identify the relations ( |1.2.7 )^ (|1.2.10 ) as the commutation relations of 



operators on JFjj^. As was noted, it is natural to interpret ip+iw) as ip{w)A for w G H = 
H(^'-) and ^_ (v) as i{v) for v G H^^ 9 & GL^es covers the element g G GLres, 

then we have 

gip+{w)g'^ = ip+igw) , g-^^{v)g-^ = ^_{gv) . (1.2.25) 

If we define the groups Diffj^S^ and LC* as the pull backs of GLres by the embedding 
map of Diff+S^ and LC* to GLj.es respectively, they have representations on the space 
•^H+ of states. Then, the commutation relations ( 1.2.7] ) are nothing but the infinitesimal 



version of the relations ( 1.2.25 ), if L„ and Jn are interpreted as the infinitesimal generators 
of that representations. 

As ( the holomorphic part of ) the space of states (Soo, ^oo; C'ool appearing on the 
incoming circle, we take the dual of the space of holomorphic sections of the dual 
determinant bundle Det^_ over the manifold Gr^_. This is motivated by the fact that 
the space W^J^ ^ of holomorphic sections over Sqo is comparable with H... We arrange 
the element of as a sum of monomials {ip^i ; Z — R G 5} of the form 

= A-d-2A-d-iA-d fo^^ R= {■ ■ ■ ,r_d-2,r-d-i,r-d}- (1.2.26) 

Now we can define the pairing / Yin dipn of the two spaces J-'u_ and JFh_^ in the obvious 
way: for = Er ^r^r e and ^ = Es ^sV^s e J'h+, we put 

(^,0 = E(-l)^^"'^'Wses, (1.2.27) 
where (— 1){'^~S:S} jg ratio of ^/'z-s^s and ^/'z<o^z>o. 
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1.3 Field-State Correspondence and Spectral Flow 



In this section, we introduce the notion of field-state correspondence. We also 
define the spectral fiow as the transformation of the space of states corresponding to the 
screening of local fields by an external gauge field of certain configuration. It is identified 
with the action of a certain element of the disconnected component of the loop group LC . 
To start with, we record such configuration of gauge field. Since it will be frequently used 
in this paper to define the spectral flow in various systems, we record it in full generality. 

The Basic Configuration 

We consider a trivial principal bundle Pq with a compact gauge group H over the unit 
disc Do = {z ^ C; \z\ < 1} provided with a trivialisation sq : Dq Pq. We choose a 
maximal torus T of H and denote its Lie algebra by Lie(T). We also choose and fix a 
cut off function g : Dq ^ [0, 1] such that ^ = on a neighborhood of 2; = and Q = 1 
on a neighborhood of the boundary 5* = ODq. We assume that g is rotationally invariant 
• Q = The basic gauge field for ia G Lie(T) is given by the following form of 

covariant derivative (i^^so = Sq ■ A^^ :i 

We can always find a holomorphic trivialization of the complexified bundle P^ with 
group He, that is, we can find such a section ctq of P^ that Ba^o-q = for vector bundles 
P^Xjj^V coming from holomorphic representations Hq GL{V). If we find a map 
ho : Dq ^ He which satisfies hodho^ = g{a/2)dz/z, then ctq = Soho is the desired 
section. Especially, we can find the solution of the type ho = e-^"*^'^'^^ with /o(0) = 0. 
Such a solution behaves as ho = c~"|z|~" on a neighborhood of the boundary 5* where 
logcg = g{x)dx/x. 

If a G iLie(T) lies in the lattice = 2~iexp~^(l) C iLie(T), then we can find 
a horizontal section (or a horizontal frame) a = Sqc'"^ on a neighborhood of S. This 
horizontal frame a defined around S and the holomorphic frame ctq defined on Do are 
related to each other by a holomorphic transition function ha{z) = c~°'z~ 



-a . 



ao{z) = a{z)ha{z) , (1.3.2) 

on a neighborhood of S. 



^We define the angle 9 and the radius r by z = re'^. sq here is represented as a frame of some vector 
bundle associated to Pq. 
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Field-State Correspondence 

Now let us introduce a one to one correspondence between local fields and states. In 
a word, the state corresponding to a field is the result of propagation of the field through 
the standard disc. We take as the standard disc Dq, the disc with a complex coordinate 
z : Dq ^ {z E C;\z\ < 1} which gives a parametrisation of the boundary S = ODq and 
with a metric = gQ^gdzdz + c.c. which is canonically flat gg^ = 2 on a neighborhood of 
z = and behaves like cylinder g^^ = Svr^lzp near the boundary S. It has a unit curvature 
^ /do ^iSo) ~ Also we take as the standard line bundle Ldq, the trivial bundle with 
a canonically fiat connection Aq and a horizontal frame Sq which provides a horizontal 
frame a near S. 

We insert a local field O at the center z = of Dq. We denote by \0) the state 
l^o, ^0 ; O{0)) G J-'h+ ® corresponding to O with respect to the frame a. For = 1, 
the state |1) is determined by the conditions ( p.. 2. 151) , (|1.2.16| ) up to proportionality which 



depends on the metric gg- Because W^^ ^ = {z^ ® cr ^; n > X} and W^^^ '^''^^ 



{z" ® (J ; n > 1 — A}, the result is 

|1) = |0)®|0), (1.3.3) 
where the vacuum |0) G J-'u+ and |0) G JFg^ are given by 

|0) = ■ ■ ■ , |0) = V^A^A+l^A+2 " " " • (1-3.4) 



For a non trivial field O 7^ 1, we can determine \0) easily. For example, since the field 

^Jz~'idzr0a-'i;+ = 4% 



ip+iO) can be obtained by contracting the contour integral j-^ § z '^{dz)^0a -^ip^ = ip^^^ 



we have = ipx^i\l) = tpx-iipxtpx+i ■ ■ ■ (8> |0). In the similar way, we have {d^ip^) = 
nlijjx-n-i^x^x+i ■ ■ ■ ® |0) and \^P'_°) = ^^11) = ^/'a+i^a+2^a+3 ■ ■ ■ ® |0) etc. 

We now comment on the action of the generators J„ and L„. Since the metric gg 
is not flat, neither Jz nor T^z can be holomorphic. Taking into account the Levi-Civita 
coonection terms in the expressions (|1.1.15|) and ( |1.1.16|) , we have 



Jn\0) 



(j(^") + (A-^)5„,o)o) , L„|0) 



Lzr^+i9_ - ||5„,o)0) , (1.3.5) 



where the fields in the right hand sides are defined in ( |1.1.8[ ), ( |1 . 1 . 1 2| ) . A field O with 
eigen value (A, A) for {Lzd/dz, Lzd/dz) and eigen value (q, q) for (J(l), J(l)) is said to 
have conformal weight {A, A) and charge (q, q). Then, for such a field O, we have 

Jo|0) = (q + A - i ) \0) , Lo|0) = - I) \0) , (1.3.6) 
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and similar equations for Jq and Lq. 
The Spectral Flow 

Now let us consider, instead of the canonically flat connection, the basic configuration 
Aa of gauge field for H = U{1) such that a G R lies in the lattice ^exp^^{l) = Z. 
We consider the line bundle Ldq to be associated to Pq by the representation (m, c) G 
X C 1-^ Mc G C. We get a new version of the field-state correspondence O ^ \0)a 
where the latter is the state \Dq, Aa] O) G ®-^h+ with respect to the horizontal frame 
a along S. We call the transformation ha : \0) t-^ \0)a of the space J-'u+ ® J-'u+ of states 
the spectral flow. As the following argument shows, this operator ha can be identified as 
the action of an element of the group LC* which is not in the identity component but in 
the component of winding number a. 

Since the frame (Tq = extend holomorphically over Dq and behaves as a unitary 
horizontal frame in a small neighborhood of 2; = 0, for w G H*^^'^-* and v G H*^^^-^'+^ we 
have 

Mw)ha\0) = haMW-ha)\0) , ^-{v)ha\0) = ha^p.{h-\v)\0) , (1.3.7) 

and similar equations for the anti-holomorphic part of the fields. In particular, the state 
|l)a satisfies the conditions ip^^\l)a = for n > A + a and ip^^\l)a = for n > 1 — A — a. 
So we have |l)a = \a) ® \a) where |a) G J^h+ and \a) G JFg^ are given by 

\a) = ?/'A+aV'A+a+lV'A+a+2 " " " , \a) = " " " • (1.3.8) 

The intertwining relation of this spectral flow ha and the currents J and T can be 
read in the formulae ( |1.2.5| ) and ( |1.2.6| ) : 



Jnha\0) = ha{Jn + a6o,n)\0), (1.3.9) 

LjalO) = ha[Ln + aJn + ^a^5o,n]\0). (1.3.10) 

We may consider the state \0)a to correspond in the standard way to a new field Oa- 
If a field O has conformal weight {A, A) and charge (q, q), the new field Oa has conformal 
weight ("Z\, ""A) and charge (°q, "q) related to the old ones by the following 

''A = A + qa+ (^X-^^a+^a"^ , "^q = q + a , (1.3.11) 

and similar equations for "A and ""q. 

To summarize, if a field O is screened by the basic gauge field Aa, it becomes another 
field Oa where the change of conformal weight and charge is given by (\1.3.1]\ ). The 
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transformation O t-^ Oa corresponds to the spectral flow ha : J^h+ which comes 

from the action of an element of the group LC* of winding number a. 



1.4 Theories of Higher Ranks 

Let us next consider a system of multi-component fermions. The classical action 
/ is the same as ( |1.0.1| ) provided that the fields take values in vector bundles. We consider 
the vector bundles with strucures finer in general than hermitian structure. So, let H be 
a compact Lie group, and \^ be a finite dimensional complex vector space with a unitary 
representation of H. Let P be a principal H bundle with connection A and E be the 
associated V bundle E = PXfjV. We consider four kinds of anti-commuting fields: 

e (g) E*) , G K^^^ (g) E*) , 

where E* is the dual bundle PxhV* of E. In the process of quantisation, things are 
essentially the same as in the case of one-component fermions but some modifications are 
required. 

Energy momentum tensor T and iJ-current J are defined by ( |1.1.4| ) where 6 A is a one 
form valued in the adjoint bundle adP = P x HLie{H). Therefore, the current J takes 
values in the coadjoint bundle adP*. The conformal and chiral anomaly (see equation 
( I1.1.5D ) for the transformation g — > e^g, — > h~^dAh where h is an automorphism of Pq 



is given by 

I{g,A-ct^Ml = ^/^(9090 + 2Pe0)-^(A-^)/^tr4p^0-90(/^/^r'^W) 

+lE{A+{\-^)e,hh*) , (1.4.1) 

where c\y = CAdiml^. Ie in the above equation is the Wess-Zumino-Witten action for 
the bundle E which is determined by the following conditions: 

iE(A + (x-l)e, hh2h;hi) =/^(A^i+(A-i)e, h2h;) + iE(A+(x-l)e, h^hi 



(1.4.3) 

A description of the Wess-Zumino-Witten action is given in the next chapter. The Ward 
identities satisfied by J and T have exactly the same form as ( |1.1.7D , ( p,.1.9| ) and (|1.1.11|) 
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though, this time, we need to put tr^, in suitable places. The expressions for J and T in 
terms of the fundamental fields il)±, ip^ are given by 

Je =:^-eV'+:, T = -A : ^'-5^^'+: + (1 - A) : 34^-^+: , (1.4.4) 

where the definitions of the regularized products are the obvious generalisations of ( |1.1.14| ). 
If we choose a local section a of P or i^, then it defines local frames : of E, = a^^ 
of -E*, (Tad of adP or of adi^, etc. With respect to these frames, we have the local 
expressions = [dzY^''^ ® and = idz)^ ® cr^^ipZ. in terms of the vector valued 
coefficients ip+i^) ^ ^ a-^id ip'Liz) G V*. Using the obvious generalization to this case 
of the definition ( p..l.3|) of the normal ordered product of the coefficients, J and T are 
expressed as 

J,(aadX) = : r-Xr+ ■■ -tr, i^l^) - " ^ )tr,(X)a;, , (1.4.5) 

-■.r-Ayi:+K[^{x-^-)d^A: + U:A:^ . (1.4.6) 

Operator Formalism 

As in the case of one-component fermion, we choose a circle c : 5*^ ^ 5 C S which 
devides S into two parts and Sq with a complex coordinate z on an annular neigh- 
borhood U of S. We choose a metric g flat on U with the coefficient g^^ = 87r^|zp and a 
connection A oi P which is also flat on U admitting a holomorphic section a : U ^ Pq 
of the form A'^ = —adz/z where ia G Lie(if). We consider the Laurent expansion of %l)±. 
If {ei}ig/(y) is a base of V dual to a base {e^}iei{v) of ^* where liV) is an indexing set, 
the coefficients '?/'^+) = eiif)^^'^^ G V and ip^^ = e^ipi^i G F* are given by 

^li^^ = 7^{(-]®cTAz)-'e'z-Mz), (1.4.7) 



2T[i J \ z ^ 

They satisfy the following anti-commutation relations in the radial ordering prescription: 

{^U^^i^^} = ^"A+m,0 , {V^i^^V'L^^} = . (1.4.9) 
If we define the normal ordered product of these coefficients by 

. ^ I ^i^Itn^^^ if n > A 

:^tV;;(^^:= i_ ~ (1-4.10) 

ifn< A-1 , 
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the Laurent coefficients of tfie expansions of Jz and Tzz can be written as 

UX) = ^Jdzz''Jz{a,aX)=Y,-i'^-tXi'i1^rn-+Sn,oK^^ 

Ln = ^Jdzz^+^Tzz (1.4.12) 

where X G Lie(i?)c- The commutation relations satisfied by them are 

iUX),^^^^] = T^^Sl , [Ln, = - (^n + m ± (a - ^) n T a) , 

(1.4.13) 

[UX),Jm{Y)] = Jn+m{[X,Y])+n6n+m,oKiXY) , (1.4.14) 
[L„, J^(X)] = -J„+^(mX - [a,X]) + (a - ^) n'5„,oK(X) , (1.4.15) 

[Ln, Lm] = {n- m)Ln+m + ^?^^(^n+m,0 ■ (1.4.16) 

We can consider tliese commutation relations to fiave come from a projective repre- 
sentation of the group LHq of loops in Hq and the group DiffS^ of diffeomorphisms of 

on a space of states. The choice of the space of states prodeeds just as in the case of 
one component fermions. That is, the space of states is chosen to be the dual J^^^ of the 
space of holomorphic sections of the bundle Det^^ over the grassmann manifold Gr^^. 
This grassmannian Gr^^ consists of subspaces of the space H^'^'^*) = Q°(5', (8) E*) of 
one particle states comparable with the subspace ' of particles of positive frequency. 
We should note that we have to choose a base {e'}ig7(y) of V* and a total ordering < 
of the indexing set I{V) to define the determinant hne bundle Det^^ (or its dual). The 
space is spanned by the semi-infinite products of grassmann-odd indeterminates of 
the following form 

where N is some integer and for n e Z in the above expression is given by 

V'n = i^ni^X ■ ■ ■ i^n'"^'' l ^1 < ^2 < ^3 < " ' " < ^dimF ■ (1-4.18) 



The contour integrals ip^^^'' and ipij acts on J^^^ by V'n^'* = i^n^ and ipnj = i{vn,i) where 
Vn,i is the element i{v) is the inner derivation i{v)F[ijj) — 

{d/de)F{ijj + ev). 
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Field -State Correspondence and Spectral Flow 

Let {Dq, go, z) be the standard disc with metric and coordinate introduced previously, 
and let Eq = PqXhV be a vector bundle with fibre V associated to the trivial if-bundle 
Pq over the disc Dq. We choose a canonically fiat connection Aq and a frame Sq horizontal 
with respect to Aq. Then we have a one to one correspondence O ^ \0) = \gQ, Aq; 0(0)) 
between fields and states. For example, we have the state corresponding to the identity : 
|1) = |0) (g) |0) where |0) e J^^^ and |0) G J^^^ are given by 

|0) = ^M+i^L2 ■ ■ ■ , W)= ^A''*dC2 ■ ■ ■ ■ (1-4.19) 

We now choose a maximal torus T of H. A field O is said to have conformal weight 
A and charge q G Lie(T)^ if it satisfies Lz(d/dz)0 = AO and J{x)0 = q{x)0 for any 
X G Lie(T)c. Then, the state \0) corresponding to such a field O satisfies 

Mx)\0) = (q(x) - (A - i )tr,(x)) \0) , Lo\0) = - ^) \0) , (1.4.20) 

for X G Lie(T)c. 

Next, we consider the basic configuration Aa of gauge field where a G 2Lie(T) is in the 
lattice T"^ = 2l^exp~^(l). We get a new version of the correspondence O ^ \0)a where 
the latter is the state \gQ, A^, O{0)) G JF-^^ (g) JF^^ with respect to the horizontal frame cr^ 
along S. The transformation ha : \0) — * \0)a of JF^^ (g) jFg^ is called the spectral flow. It 
is given by the action of an element of the group LHq. ( The element may or maynot be 
in a non-trivial connected component of the group. It depends. ) 

Since ctq = (jha extends holomorphically over Dq, the intertwining relation of this 
spectral fiow ha and the currents J„ and are given by the following : 

i,+ {w)ha\0) = haMy^.ha)\0) , ij-{v)ha\0) = .{ha.v)\0) , (1.4.21) 

Jn{x)ha\0) = ha{Jn{x)+5nflK{ax))\0) , (1.4.22) 

Ue^)ha\0) = cf^'^haJn+aiaMP) , (1.4.23) 
Lnha\0) = ha[Ln + Jn{a) + Un,Qtl^{a^)^\0), (1.4.24) 

where w G H^'*''^*-', v G Y{^'^~^'^\ x G Lie(T)c and Cq, G Lie(if) is a root vector for a root 
a G A of if. We take the base {ei}ig/(y) of \^ consisting of vectors of definite weight : 
xci = Xi{x)ei for x G Lie(T)c. This enables us to write down the state |l)a in a rather 
explicit way. With the aid of ( |1.4.21| ), we have |l)a = \a) ® \a) up to proportionality where 
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I a) G JFy^ and \a) G JFg^ are given by 



n 'n%sio), \a)= n 'Wv'Sio), (1-4.25) 

IG/(V) n=l ie/{V) n=l 



where i/ji^J in the right hand side of the first formula is given by 

, , f ^/-J+i if Ai(a) < 



^t\-n, if A:(a)>0. 
■j/'i"] is given in the similar way. 

We may consider the state \0)a to correspond in the standard way to a new field Oa- If 
a field O has conformal weight {A, A) and charge (q, q), the new field Oa has conformal 
weight {"-A, ""A) and charge ('^q, "q) related to the old ones by 

''A = A + q{a)+tTy([\-^)a + ^aA , '*q(x) = q(x) + tr^(aa;) , (1.4.27) 



and similar equations for ""A and '*q. 

To summarize, if a field O is screened by the basic gauge field A^, it becomes another 
field Oa where the change of conformal weight and charge is given by ( \1.4-27i ). The 
transformation O ^ Oa corresponds to the spectral flow ha '■ J^h+ ~^ •^h+ which comes 
from the action of an element of the group LHq ■ 
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CHAPTER 2. WESS-ZUMINO-WITTEN MODEL 



In this chapter, we study the WZW models for compact groups coupled 
to external gauge fields of various topological types. Introducing a line bundle over the 
loop group, we construct the WZW action for topologically non-trivial configurations. We 
develop a gauge covariant operator formalism and establish the field-state correspondence. 
Finally, we describe the spectral fiow as the screening of fields by non-fiat gauge field 
without holonomy. 

Let G be a compact, connected and simply connected Lie group with center Zq and 
let H be the quotient group G/Zq- H acts on G as an automorphism group by {h,g) 
hgh''^^ Let P be a principal H bundle over a compact Riemann surface S. Note that 
the set of topological types of i7-bundle over S is naturally identified with vri(i7) = Zq- 
Let adcP be the associated G fibering ad^P = PxhG and ad^^P be the Gq fibering. 
The WZW action I = I-£^p{A,g) is a functional of the triple of a Riemann surface S, 
a connection A of P and a section g of ad^^^P which is characterized by the following 
relations: 

h.p{A'\g) = h.p(A,hgh-) - h,p(A,lth') . (2.0.2) 

In the above expressions, e is a section of adP = PxH^iielH) and h : Pq Pq is 
an automorphism which gives a transformation Oa — ^ d^h = h~^dAh. tip is the trace of 
End(adP) normalized by tradp = 2g^tTp where g"^ is the dual Coxeter number of G.0 
The latter ( |2.0.2| ) is named as the Polyakov-Wiegmann (P-W) identity. These properties 
are just what we would expect for the chiral anomaly in the model of multi-component 
spin-half fermions (see ( |1.4.2D , ( |1.4.3| )). Indeed, WZW model was first introduced as the 



non-abelian bosonization of spin-half fermions If P is topologically trivial, choosing 
a trivialization, we can write the action in a rather explicit way: 

+i /e S^f"''*" + -^'f^'^S + A'g-'A"g - A' A" ) , (2.0.3) 



^We denote the element [h] of H by the same letter as a representative h in G. 

^If G is not simple, P decomposes as P = PiX-^- ■ • x^Pa/ according to the decomposition G — YlfLi Gi 
into simple factors. Then, tradP = 2g^trp should be understood as tradp^ = 2g^trp. for each i. 
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where B^, is a three manifold with boudary dBj] = S, ^ is an extension of g : H —>■ G 
to g : Bs G. A' and A" are Lie((j)c valued (1,0) and (0,1) forms representing the 
connection A with respect to the chosen trivialization. tr is defined by 2g^ii{AB ■ ■ ■) = 
trLic(G) (adAad-B ■ ■ ■) and induces an invariant bilinear form in the space spanned by roots 
such that = 2 for a long root a. We can see that the above action integral is 

independent of the choice of B-^ and g up to the addition of 27riZ. If the H bundle P is 
topologically non trivial, the expression for the action is more involved. We will exhibit 
shortly how to construct it. In any case, e"^^'^'-"^'^^ is well defined if n G Z. 



2.1 Path Integral Quantization 

Now, let us quantize the system with the classical action kIs,p{A, g) for k G nI 
considering A as an external gauge field. A Riemannian metric g on E defines an adjoint 
invariant inner product on the vector space i7'^(E,adP)i and in turn, this inner product 
defines a left-right invariant Riemannian metric hg on the space Gp^g = r(S,adG-P) of 
smooth sections of ad^-P. We assume without proof that this metric hg defines a left-right 
invariant measure Vgg on Qp^c '■ 

I Vggf{agh)=[ Vgg /(g) , (2.1.1) 

•'Qp,G JGp,G 

where a and b are sections of ad^c-P and / is a function on r(S, ad^c-P) which is well 
behaved in some sense. The center of our interest is the behavior of the function 

Z^A g,A;0)= [ Vgg e-'^^^-^^'^^ 0{g) , (2.1.2) 

under the variation of (g. A). As the field insertion (9,we consider 

0{g) = i{pKX9{xi)) , (2.1.3) 

where Xi,X2, ■ ■ ■ are points in S, A/ parametrizes a unitary irreducible representation 
of G on a vector space and x ^— p\{g{x)) is the section of a:dGL{VA)P determined by 
g. Note that H acts on GL(Va_) by (/i, M) — > hMh"^ by the Schur's lemma. 

^If G is a direct product nf=i of simple groups, the level A: is a sequence of natural numbers 
k — {ki, ■ ■ ■ , kM) and kl^^p should be understood as the sum J2i=i ^•^i-^^.Pi where Is.Pi is the WZW 
action for the principal Gi/Zc; -bundle Pi. 

^Remark that the pointwise composition makes the space Gp,g = r(5^, adgP) an infinite dimensional 
Lie group with Lie algebra adP). 
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Ward Identities 

The left-right invariance of the measure (|2.1.1| ) and the P-W identity (|2.0.2| ) lead to the 
following response of Z{0) to the chiral gauge transformation A hj h : Pq —>■ Pc '■ 

Zs,p(g,A^O) = e'=^--^(^''^"*)Zs,p(g,A;/iO) , (2.1.4) 

where hO is defined by hO{g) = 0{h~^gh*~^). This formula leads to the following Ward 
identities for the insertion of the current J (see ( [1.1.4| ) for the definition of the current) : 

Zs,p(g,A;-^ / {JdAt-JdAt)o) (2.1.5) 

= ^ tr,((6 + e*)FA ) Z^,p{g, A-0) + Z^,p[g, A ] J{e)0 + J{e)0) , 

Zs,p( g, ^ ; ^ (jdAei) Je2(x) O ) (2.1.6) 

= A;tr^(9Aeie2)(x)Zs,p(g,A;C) + ^ / tr^(eiF^) Zs,p( g, A ; JesW O ) 
+Zs,p(g, A ; J[ei, e2](x) O + Je2(x) J(ei)0 



where J(e) and J(e) are defined by J{e)0{g) = f 0{e-^'g) and J(e)C(^) = | 0(^e 
To derive (|2.1.6| ), we have used the relation 

6Alj:p(A,hh*) = ^ f ti J hh*dA(hh*)-^6A" + 6A'{hh*)-^dA{hh*)) , (2.1.7) 
' 27r JE ^ ^ 

which is easily proved for the action given in ( p.0.3|) and which also holds for the action 
we shall construct for the topologically non-trivial P. 

We assume that Z{0) behaves under the conformal transformation g ge'^ as0 

Zs,p(ge^A;0) =e^^^fe"^)-S.^''^(-0^^_^(^^^.O) ^ (2.1.8) 

where A;'s and c = cc^k are numbers to be determined. The appearance of the factor 
— Ai(j){xi) could be understood to come from the renormalization of the field pAi{g{xi)) 
with respect to the scale determined by the metric g. This leads to the following expression 
for the (1, l)-part of the energy momentum tensor : 

= -^Rez-z - 2m ^ Ai5,^,, . (2.1.9) 
^2 1=1 

Next we derive Ward identities for insertion of the energy momentum tensor. Let 
: S ^ E be a one parameter group of diffeomorphisms generated by a vector field v 



10 



SL{g, <P) is the Liouville functional J^{dcj)d(l) + 2i?e0) which has aheady appeared in Chapter 1. 
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and let ft : P ^ P be its horizontal lift with respect to the connection A. We consider 
the variation (g, A) —>■ {f*g, ft^) for which we think of A as the connection form on P. 
Then, since the automorphism ff of the Lie group Qp^g = r(adG-P) defined by {ftg){x) = 
fr^g{ft{x)) is an isometry of the Riemannian manifolds ff : {Gp,G,hg) — {Gp,g, hf*g) 
and since we can prove the invariance of the classical action If*-s p{f^A, ffg) = Js,p(A, g), 
we have the following identity : 

Z^Af:&f:A;0) = Z^Ag^A-JtO) , (2.1.10) 



where ftO is given by ftO{g) = 0{flg). With the aid of the expression ( p.l.9|) and 



5{g,A) = ( L^g, i{v)FA ), the infinitesimal version of the identity ( 2.1.10]) can be written 



as 



O] (2.1.11) 



1 f 

^^'^^'^'2^7/"^"" 

+Zj,Jg, A]^[ [{v'J, + v%)Fa]0) = Z^Jg, A]L,0 + j2 M^zv' + ^zv')x,0 

^ 1X1/ «/ S 1-1 



where is defined by L^O = (J^)o/tC 

Local Expression of the Current and the Sugawara Construction 
Let us take a local holomorphic section a of Pq over an open subset [/cr C S. With 
respect to this section, the connection is represented by a (1, 0) form A'^ = A'^dz and the 
curvature is given by = (Ji^^dA'^ . From the first Ward identity (|2.1.5| ), we see that we 
can take the local holomorphic part J'^ of the current J : 

JoadX = J"(X) - A;tr(A"X) , (2.1.12) 



where X G Lie(G)c- Looking at the second Ward identity ( p.l.6| ), we see the following 
singular behavior of the product of two currents: 

j:{x){z) j:{y){w) = ^^4tS + -^j:i[x,Y]){w)+:j:{x){z) rmiwy. , (2.1.13) 

where the last term in the right hand side is regular as z ^ w. 

Classically the current and the energy momentum tensor are given by Je = ktip (gdAg~^e) 
and T^z = ^trp{gdAzg~^y, and we see that T^z has a quadratic expression in terms of cur- 
rents : = j^{Jz,Jz)p where ( , )p is the bilinear form on (ad/b)* induced by tr^. We 
shall assume that in the quantum theory the energy momentum tensor still has an expres- 
sion quadratic in the currents. However, the product Jz{z)Jz{z) is seen to be ill-defined 
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in view of the equation (|2.1.13| ), so we consider the following regularization : 

: (J, J) : = lim | (rf^ J(C), r,- J(«;.))^- fcdimG [j^^^, " ^-^{d.u;.-2u;l)^ |. 

(2.1.14) 

In the above expression, z, and are on a geodesic r with equal distance dg{(e, z) = 
dg{z,w^) = e and is the parallel transform of K ^ (adi^)* along r from w to z. We 
add the term —{dzY^dzUJ^ — 2uj1)/V1 to give {dzY/{Q — w^)^ a covariant meaning in the 
limit e — s> 0. Taking the assymptotic behavior ( p.l.l3|) into account, we see that the limit 
e ^ is well defined up to a term which depends on the direction of the geodesic r and 
which we discard. This normal ordered product : ( J, J) : has a local expression in terms 
of the holomorphic part J'^ (|2.1.12|) of the current and their regularized product given in 



(ITID: 

:(J.,J.): = r/-^:J:(ea)j;(eb): (2.1.15) 
+2(. + gV) { -J:iA:) + I tr(Af ) - - '-.i 

where {ca} is a base of Lie{G)c and ?7'^'^tr(ebec) = S^. 

Now let us assume that is proportional to :{Jz,Jz)-- Inserting the expression 
( p. 1.15 ) into the Ward identity ( 2.1.11 ), we see that we must have 



T.. = ^^^^:(J.,J.):, (2.1.16) 

fcdimG C^jAi) 
and CG,k = — ^ , A = 777^— — ^ , 2.1.17 
fc + gv 2(fc + g^) 

where C2(A) is a constant defined by C2(A) = 77^'^pA(ea)pA(eb). This assumption is 

non-trivial and together with the Ward identities (p.l.5| ), (|2.1.6|) lead to the functional 

differential equations for Z-s^p{g, A;0) which, in the topologically trivial case, gave the 

non-perturbative definitions of the partition and correlation functions p4|, |Tl|, [Q. 



2.2 The WZW Action for General Principal //-Bundle 

We choose a parametrized circle c : ^ S G T, which devides S into two 
parts Soo, So with boundary S = SSq = —dT,oo and a complex coordinate z defined on 
a neighborhood U of S just as in Chapter 1. In the next section, we consider the states 
Zsoi^Oi C^o) and Z^^^Aoo', CLd) formally given by the integral 

Zso(Ao;Oo)(7) = / V^,ge-''-oi^^^'^^Oo{9) , (2.2.1) 
^^(Ac,Ooo)(7) = / V^^ge-''--^'^'<^^OM , (2-2.2) 
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and develop an operator formalism which is covariant in a sense that becomes clear. To 
do that, we first construct the weights e''^^ for Riemann surfaces with a circle bound- 
ary, following the way found by Felder, Gawedzki and Kupiainen [Q. This leads to a 
construction of the WZW action I-£^p{A,g) for general principal if-bundle P . 

The Line Bundle £^ over the Loop Group LGc 

We start with defining the weig ht e-*^-^^o(^'f) for a Ue{H) valued one form A and a 
Gc valued function g on Sq with the boundary loop 'J = g\s ^ LGq- We "cap" the 
surface Sq by the disc Doq = {z^^ G C; \z\^^ < 1} and denote the capped surface by 
So- If we choose a map goo ■ -Doo Gq with gcxul-dDa^ = 7^ '^^ can define the action 
lf.^{0 -k A, g^o g) by ( |2.0.3| ) where (Oi^rA, (7oo*5') coincides with (0,(7oo) on D^o and with 



(A,5f) on Sq. Since we do not have a canonical way to choose (?oo, we consider the set 
-DooGc|7 = {(^oo '■ Gc ; fl'ools = 7} of all extensions and put a suitable equivalence 

relation0 in D^oGcl--/ x C which gives a complex line so that the class 



{(^7oo,e-''^o(°*^'^-*^))}G(/:^) (2.2.3) 



is independent of the choice g^o of extension. Gathering all the loops 7 G LGc, we obtain 
a line bundle = \J^{C^)^. Therefore, the wave function 7 ^20(^0; Oq) (7) is a 
section of £^|lg — ^ LG. 

The group structure of LGq lifts by {((71, Ci)}{((y'25 C2)} = {{gig2, ^^''^°'^^^^'^^^CiC2)} 
to the semigroup structure of where r£,^{g,h) is given by ^ J^^tT{hdh^^g^^dg). 
The set (C^)^ of non-zero elements in is the basic central extension LGq of LGc- 
Most strikingly the weight e~^^^o satisfies the following version of the Polyakov-Wiegmann 
identity : 

^-kIsgiA,hgh*) ^ g-fc/E„{A,fc)g-fc7so(^'',9)g-fc/Eo(^,/j*)g-fcrso(A,h,fc*) ^ (2.2.4) 

; T^,{Ah,h*) = ^ [ ti(h*dAh*-'h-'dAh) , (2.2.5) 

for Gc valued functions g, h on Sq. This identity holds true if h is Hq valued with 
contractible boundary loop /ij^ = [7] G LqHc = LGq/Zg, though we needs some care to 
define e-^-fso(^,'i)0e-'=^^o(^''^*) e i'C^)^^{'C^)'y*- If ^ is i^- valued, {^2^ can be written 
as 



^^The following is the explicit description of the equivalence relation in DooGc x C where DooGc is the 
group of smooth maps of Doo to Gc : 

{gh,c) (g,cexp{fc/pi(/i*l) + kTo^ig^h)}) 

where g, h(i DooGc such that ft.|a_D^ — 1 and T B_^{g,h) is given above. 
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^-ie-''^^o(^'5)^ = ^-kiso(^^h-^9h) ^ (2.2.6) 

where 7 G LG is a representative of the boundary value /ilaso ^ -^o-f^- In this sense we 
can say that the weight e~^^^o^^'^^ defined above is gauge covariant. 

Remark. The identity (|2.2.6|) holds true when [7] G LH is a non-contractible boundary 
value of an H valued function h defined on a neighborhood of SSq and when g is different 
from 1 only on the same neighborhood. Note that the pointwise adjoint action of LH on 
LGc lifts to a unique automorphic action on the semigroup £^ (see Appendix 1). 

Quite in the similar way, we define a line bundle so that the class 

^-kI^^{A,9) ^ g-fe/^(A*0,5*5o))} ^ (2.2.7) 

is independent of the extension go : Dq Gq of a Gq valued function g on Sqo where A 
is a Lie (if) valued one form on Sqo- The weight 6"'^^^°°'-^'^^ satisfies the P-W identity 

^-kI^{A,hgh*) ^ ^-klT^iA,h)^-kI^{A'-,g)^-kI^{A,h')^-kT^{AXh') ^ (2.2.8) 

with respect to the composition law in C*^ analogous to the one in . Note that we 

^ wz wz 

can identify C*^ as the dual C^'^ of by the pairing 

wz wz wz -f^ 

{(^7o,co)}.{(^?oo,Coo)} = coCooe'=^P^(^-*^°) G C. (2.2.9) 



Construction of the Action 

We come back to the closed Riemann surface S = U Sq. If (ybo : ^oo G and 
(^0 : So — G are restrictions of a smooth map g : ^ G, and if Lie(G) valued one forms 
G r]^(i;^,Lie(G)), Ao G ^]^(So, Lie(G)) are restrictions of A G fi^(S, Lie(G)), then, 
the pairing of e"''^^^^'*^) G and e'^^^o^'^O'Bo) ^ £fc reproduces the weight 



e 



-fc7E(^,C/) _ g-fc-f5io(^.9°o)_g-fc^S(,(Ao,so) g Q ^ (2.2.10) 



for the trivial H bundle over the closed surface S which is given in ( 2.0.3| ). 



To construct the action integral for the topologically non trivial H bundle, let us 
choose an open neighborhood Uq (resp.t/oo) of So (resp.Soo). We consider smooth maps 
goo '■ Uoo G, go : Uq G and one forms Ax) ^ ^^f^o, Lie(G)), Aq G Q^{Uo,Lie{G)) 
related through the transition function hooo '■ Uoo nUo ^ H hj 

^0 = h^QAoohooo + h^Qdhooo , (2.2.11) 
9o = h^o9oohooo on f/oo H f/o . (2.2.12) 
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The data {Uoo, Uq, /iqoo) determines an if-bundle P over S. A connection A of P is provided 
by the pair {y4oo,v4o} of one forms and {goo, do} gives a section g of adc-P- We cannot 
take a pairing of e~'^^^'^^'^°°) and e~''^^o('^o,9o) because the base elements 700 = fi'ools, 
7o = go\s do not coincide but related by 70 = 7^o7oo7ooo where 7000 = hooo\s e LH. 
Fortunately, since the group LH acts on the semigroup C'' (Appendix 1), we can take 



-kIj:^{Aoo,goo) 



,ad7ooo(' 



) eC, 



(2.2.13) 



as a candidate for the WZW action /s,p(A, (?) for general H bundle P. 

We can check that this satifies the conditions ( |2.0.1| ) and ( |2.0.2| ). ( |2.0.1[ ) is obvious. 
The global P-W identity (|2X|) for the above action (|2.2.13| ) follows from (|]2]|) and 
( p.2.8|) since ad7ooo preserves the structure of semigroup of £^ and the paring of 

satisfies (7l72)-(7i72) = 7l-7i ■ 72-72 for 7,' G (£;^)^, and 7^ G (£4)7. where 71, 
72 G LGc- Therefore, we conclude that ( |2.2.13| ) is the proper definition of the weight for 
the WZW model. 



2.3 CovARiANT Operator Formalism 

Now we go on to the description of the space of states and of the action of loop 
groups. As was noticed, the wave functions ( p.2.1| ) and ( |2.2.2| ) are sections of £^ and 



£^ respectively over the loop space LG. We rewrite the formal definitions as 

Zso(Ao,Oo)(7) = / 2^So^/e-^^-o(^o,3o3)0^(^^^)^ (2.3.1) 

"'l=5ls 

^E.(Ao,Coo)(7) = / Vj:^ge-''^^^''-'^Ooo{goog) , (2.3.2) 

"'.91.9 = 1 



where go : T^q ^ G and g^o ■ ^00 ^ G are any maps satisfying ^folaEo = goo\-dT^ = 
7. Then, we see that these sections can be extended to holomorphic sections over the 
complexified loop space LGc by admitting gQ and g^c to be Gq valued.0 

Remark. We may as well change the if-frame on S. If a new frame si is related to the 
original one Sq by Si = So7oi where 701 G LH, the wave function ^^'^'^^ G H'^{LGc, C'^) 
with respect to si is related to the original one G H'^{LGc, C^) by 

= 7o">^'°H7oi77oY)7oi (2.3.3) 
which is due to the covariance (|2.2.6|) of the weight. 



""^^Let y C LGq be an open subset and g^o '■ y DoqGq be a holomorphic map such that 
5oo(7)|-ar>3o — 7- Then the section 7 1— s- {((700(7)7 1)} of £^ over y is by definition holomorphic. 
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Representation of Loop Group on the Space of States 



Since the hne bundle £^ is acted on by the group LGc — (Avz) from the left and 

k \x 

WZ ' 



from the right through the covering map (/^) i^^) ' there are representations of 
LGc on the space H^{LGc,jC^ ) of sections — the left and the right representations : 



j{ii)j{i2Mi) = iMii'iir')r2 , (2.3.4) 

where the anti-holomorphic anti-automorphism 7 7* of is defined by {{g,c)}* = 
{{g*,c*)} where g E AoCc and c G C. The P-W identity ( p.2.4|) shows that, for any 



smooth map h : Sq — > Hq with contractible boundary value [7] G LqHq = LGq/Zg, the 
element 7 = e~^^o('^o'^~^)-^^so(^o,h,h*) ^ [^LGc)-^ gives a transformation of H^{LGc, 
such that 

J(7) J(7)^Eo(^; O) = h-'O) . (2.3.5) 

By taking the differentials of this equation, we can identify the currents with the in- 
finitesimal generators of the representations J, J. To see this explicitly, we take the 
connection Ao to be flat on a neighborhood Vq of S with holonomy e"^'^*" G H along S 
where a G Lie{H). We can take a holomorphic frame a of the He bundle Pq over Vq 
with respect to which the connection Aq is represented as A^ = —adz/z and which gives 
an if-frame on S. Let ^ : Sg — [0, 1] be a cut off function such that q = 1 on S and 
supp{g) C Vq. For n G Z and v G Lie(G), we consider the vector G Lie(LGc) tangent 
to the curve e~^^o(''«) in LGq where ht = e*^^^". Then the equation (|2.3.5D leads to 



J{v^)Z^^^{Ao;0) = zg,^(Ao; JMv)0) , (2.3.6) 

where Jc^nM = </" Ja^^z^v = JZiv) + ktiiav)5no , (2.3.7) 

2m Js 

and similar equations for J. J^(f ) is a Laurent coefficient of the holomorphic part J'^ of the 



current given in (|2.L12| ). These Jcr„(f )'s generate of course the affine Kac- Moody algebra 



with center k which could be seen by using the operator product expansions ( p.l.l3|) . 



Note also that the Laurent coefficient of the energy momentum tensor is expressed as 

Ln = 2(kls:^) ^ '''' ■ '^-mi^-)Jn+mie^) ■ +4"(a) + ^tr(a2)<5„,o - ^5.,o , (2.3.8) 

, J:(X)J-(y) ifn<m 
where : J:(X) J^(r) : = <^ uK J mK J _ ^ 

^ j;^(F)J„-(X) if m<n 



These L^s generate the Virasoro algebra of central charge CG,k given in (p.l.l7|) . 



37 



Finally we comment on the choice of the space of states. Due to the relation ( |2.3.5|) 



the state Z^o = Zso(^o = 0; O = 1) is invariant under J(e-^so('^)) and J(e~^^o('*)) for 
any holomorphic map h : J^o —>■ Gq- In other words, is annihilated by ^(W^^f'') and 
J(wgf ^) where wgf ^ C H^^'S) = Lie(LGc) is the space of Lie(G)c-valued functions on S 
that extends holomorphically over Eq. This space W^?^^'' is comparable with the subspace 
hJ'^^ in the same sense as in Chapter 1. Motivated by this observation, we take as the 
space of states, the space C H^{LGc, spanned by a family of vectors each of 

which is annihilated by J(W) and J(W) for some subspace W C H*^"'^) comparable with 
B.f^\ This subspace H^^^'"'' is preserved by J{LGc) x J{LGc) since LGc is contained in 
GUesiii'-^'^^)- Though it has not yet been proved, it is likely that the Virasoro generators 
( p.3.8| ) can act on this space 

Field-State Correspondence 

Now we consider the state at the boundary S of the standard disc Dq = (Z^o^g'o) 
(see Chapter 1) with a local field insertion. We denote by \0) the state Zj^°\Aq;O{0)) 
corresponding to the local field O where sq is a frame on Dq which is horizontal with 
respect to the canonically flat connection Aq. We consider the field 0\{g) = pa((?(0)) 
for a unitary irreducible representation : G ^ GL(Va). Since Aq is invariant under 
the chiral gauge transformation by holomorphic maps from Dq to Gc, the relation ( p.3.5|) 
shows that§ 

J(e-^-o(^^i))j(e-^^ote))|OA) = |pa(^?i(0)-1)OaPa(^72(0)*-^)) , (2.3.10) 

for Gc valued holomorphic functions gi and g2 on Dq. We recall that e^^^o*-^^ in the above 
expressions is an element e~^^o^^'3) of LGq over the boundary loop g\s oi g : Dq ^ Gq- 
(See eq. ( ^T3|) for the definit ion 

Let us now choose a maximal torus Tq of G and T = Tq/Zg of H. We also choose a 
chambre C in V = iLie(T) (see Appendix 2 for the notations and basics on the root system 
and the Weyl group). We denote by the Borel subgroup of LGc consisting of boundary 
loops g\s of holomorphic maps g : Dq ^ Gq such that g{Q) are in the Borel subgroup 
Bq of Gc determined by C. We also denote by A^"*" the subgroup of consisting of 
boundary loops g\s of holomorphic maps g with g{{]) G A^",^, where Ag*" is the maximal 
unipotent subgroup of Bq . B^ is embedded into LGc by g\s G B^ ^ ^-^Doig) ^ ]^+ 
We take as the index A the highest weight of the representation pA- If we denote by 



^■^The P-W identity (2.2.4) and hence the relation (2.3.5) can be seen to hold when we take h and h* 
to be independent. 
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A* = —wqA the highest weight of the dual representation *p^^ : Gq GL(V^)0, the 
above equation ( |2.3.10| ) shows that the state $a = \{0\*)~\) is a highest weight statelll 



with weight (A, A) of the left-right representations J x J. Hence we have 

M9i9*2\s) = e-^(^7i(0)){j(e-^-o(si))J(e-^-o(^^))$^}(^,^;|5) (2.3.11) 
= e-^(^i(0)) e-'=^^o(9i)$^(l)e-'=^^o(f2) = CAe-^(^i(0)) 6-^^^0(9192) , 

for gi\s ^ B^, 921 s & N'^ and ca = $a(1) is a complex number. Since the subset B~^{N'^y 
is known to be open dense in LGc there is at most one such highest weight state. 
In [|12l, it is shown that this section gig2\s ^ e'^{gi{0))e^''^°o(9i92) of over i?+(A^+)* 
extends to a section over the whole space LGq if and only if < (A, a) < /c for any 
a G A_|_. Such a weight A is said to be integrable at level k and the set of integrable 
weight at level k is denoted by . As is shown in ||12| , the highest weight state of J x J 



must have the equal left-right highest weight A^ = A^. 

The state <I>a for A G generates an irreducible LGc x LGc module H^J^^ C H^^'''^ 
which is isomorphic to Iv(A,fe) ®-^{A,fc) where i^{A,fc) {resp. Iv(A,fc)) is the holomorphic {resp. 
anti-holomorphic) irreducible representation of the group LGc at level k with highest 
weig ht A G Pi^l We see that this subspace H^J^^ corresponds to the current descendant 
fields in view of the relations 

Jn{v)\0) = \J:°{v)0) , Uv)\0) = \J:'^{v*)0) , (2.3.12) 



which follow from (|2.3.6| ) and analogous equation for J. We do not know whether the 



direct sum 0. p(fc) T^a ■* is dense in Ti^'^-'^) or not, but if it is dense, we have a one to one 



'AeP 



correspondence O \0) of scaling fields and states of definite {Lq,Lq) values. 
Gluing 

Let us comment on the pairing of the state Zj:^{A^] O^) G H^^^^^ at the incoming 
circle and the state Zy,q{Aq]Oq) G Ti^*^''^-* at the outgoing circle, where we say that a 
boundary circle S of an oriented two manifold S is incoming (resp. outgoing) when 



^*wo e is the element of maximum length with respect to the simple reflections determined by C. 
^^We say that a state $ is a highest weight state with weight (A^, A/;) of the left-right representation 
when it is annihilated by the infinitesimal generators of -/V+ C LG(2 

Jn{v)^ Jn{v)^ = J(){ea)^ = Jo(ea)$ = 0, for n > 0, w € Lie(G)Q, a e A+ , 

and Mt)^ = AL(t)$ , Jo(t)$ = Afl(r)$ , for i e Lie(T)c. 

where Jn(u) = J{v/^) and Jn{v) = J{v2P') for n e Z and v G Lie(G')(^. 
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5* = — 9S (resp. 5* = The space is a certain subspace of H^{LGc, which 

shall be made precise shortly. 

Naively, the pairing is given by the path-integration over the loops in G : (\1', $) = 
/^(^ T'7\E'(7).$(7). If we could define it, due to the left-right invariance of the measure, it 
would satisfy the relation 

(J(70^(72)^, ^(71)^(72)$) = (7;.7i)(^,<^')(7"-72*), (2.3.13) 

for7; G {C^Y and 7, G {C^)'' {i = 1, 2) where the representation Jx J of x (Z:^)'' 

on the space H^{LGc, jC^) is defined in a similar way as in the case of 

We now sketch the construction of such a pairing defined on some subspaces of 
H^{LGc, jC^) and H^{LGc, ^^)- The basic ingredients are the hermitian inner product 
( , ) defined on a dense subspace of ■* for each A G [|HT| such that 

( J(7i) J(72)$i, $2) = ($1, J(7i*)^(72*)'^'2) (2.3.14) 

and the anti-holomorphic homomorphism t] : which is anti-linear on each 

fibre and covers the involution 7 \—>- 7*"^ of LGq- Then, the pairing would be given by 
$) = $) where the anti-linear map ^ h-> from H^{LGc, C^) to if°(LGc, -C^) 
is defined by \E'(7) = t] (\E'(7*^^)). If the map t] is given by 

^{(^0, c)} = {{g*-^, c^e-'^^Pi^^- ''^^o*'')+2fc^co(3o*-'))} , (2.3.15) 

where K^ig) = Jj^tr^dg^^dg), then this pairing would satisfy the condition ( p.3.13|) . 

As the space Ti^'^''^) of states at the incoming circle, we take the space spanned by 
vectors each of which is annihilated by J(W_) and J(W_) for some subspace W_ C H^^'^^ 
comparable with the space hL°''^\ This space contains the sum 0^gp{fc) TtI^ ^ of lowest 

" (k) ^ 

weight representations where Ti,)^ is generated by the lowest weight vector $a which is 
the wave function corresponding to the insertion of (Oyv)^ iu Doo at 2 — 00. We can 
explicitly check that $a oc $a which proves that Zpi^triv((OA)\(oo)(OA*)TL^(0)) 7^ and 
the pairing 

^A^ X C (2.3.16) 



is densely defined and satisfies the condition ( |2.3.13| ). 
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2.4 The Spectral Flow 



We consider again the state at the boundary S of the standard disc Dq with field 
insertion 0(0). This time we suppose that the gauge field is in the basic configuration 
such that a G 2Lie(T) lies in the lattice = exp~^(l). To observe the state, we stand 
on the horizontal frame a along S which is related to the original frame Sq by 

^0 = ^710, ; 7io(e*') = <e-^»^ (2.4.1) 

where n^^ G G is in the normalizer A^^^^ of Tq that represents an element Wf, G VT.B 
The state Z^J'q (Aa; 0(0)) of interest is related to the state ZjJ°''(y4a; 0(0)) with respect 
to the original frame by 4"J(A„, O(0))(7i) = ad7ioZg°)(A„; 0(0))(ad7roSi). Since Af,' = 
hodh^^, the original state is given by J{%)J{'yo)^o for 7o = e~^'^o('^o)~2^Doiho,h*) ^g^g 
equation (|2.3.5|)) where $0 = |0) corresponds to O in the standard way. Hence we have 



O(0))(7i) = , (2.4.2) 

where ■ja- = 7io7o ^ LHq is the boundary loop h„\s of the holomorphic transition func- 
tion (Tq = cr/icr given by h„{z) = n~^c~"'z~"'. We call this transformation $ 1-^ ; 
(/i,o-$)(7i) = 7o-$(7or^7i7*^^)7* of the space Ti^"^'^^ of states the spectral flow correspond- 
ing to the transition function h^. 

Calculation of h^^^ 



We calculate how the highest weight state <1>a given in ( p.3.11|) is transformed by 



h„. Note that the loop 7a- G LHq represents an element of the affine Weyl group H^'fj 
of LH. As explained in Appendix 2 ( [A.2.5| ), we can write it as a product 70- — [ToIt 



where 70 G LGq represents an element of the affine Weyl group of LG and 7 G LH 
represents an element of the group Fg which preserves the decomposition of the set Aafr 
of affine roots into Aafr+ and Aafr_. This leads to /Io-$a = J{lo)J{lo)h^k where /i is a 
-f/c-valued holomorphic function with h\s = 7 which is expressed as h{z) = z~^nw using 
fieP"^ and G Nt^- 

We see how the state G Ti'^'^'^^ looks over the open dense set (A^+)* C LGc- So 
we take holomorphic maps gi and (?2 from Dq to Gc such that (71(0) G Bq and (72(0) G A'q''. 
Since ad7 preserves the subgroups B^ and A^+, we see that 7~^5'i|s7 and 7~"'^5'2|57 extend 
as holomorphic functions h~^gih and h^^g2h on Dq such that {h^^gih){0) G B^ and 



Although wc have now introduced the twist n e Nt(^ only to relate the spectral flow to the affine 
Weyl group, twists of certain kind play essential roles in the theory of field identification. 
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{h ^g2h){0) e A^o". Hence we have 

(h^A) {9i9;\s) = e-^ ({h-'g,hm) e,d^i^e'''''o{ih-'9.h)ih-^9.hr)^^ . (2.4.3) 
If gi{0) = e*o e Tg modiVo+ , we find that {h-^gih){0) = e"'"'*o modiVo+, which gives 

e-^ ({h-^gih) (0)) = e-"'^(*°) . (2.4.4) 

Applying the transformation rule of the adjoint action of LH on £^ given in Appendix 
1, we have 

.yQ-l^lDoih-^gih)^-! _ |(^^^ ^-klpi[{h-'^gih)*(h-^gih))+kc{h,gi)-^y ^ (2.4.5) 

where h is an extension of the loop 7 to a map h : Dqo — {oo} — > H given by hire^^) — j{e^^) 
and gi is an extension ^1 : Dqo Gc of Qi defined in the following way: If gi is expressed as 
gi{z) — e"*^^^ where v : Dq —>■ Lie(G)c is a holomorphic map, we take (?i(re*^) = e^°°'^^)''*^^'*) 
using a cut-off function ^00 : D^o [0,1] such that Qools = 1 and f?oo(oo) = 0. For 
this choice of ^1, we see that Ipi{{h~^gih) ^ {h~^gih) = KB^{h~^gih) and KD^{gi) = 
/pi((7i gi). Note also that hdh~^ — i/idO and that dgigi~^\r — gi~^dgi\r — dgv{e^^). 
From these, it follows that 

-7pi [{h~^gih) ^ {h^^gih)) + c{h, g\) 

= -KdM -it f t^idgtoifide) = -Ipi{gi^gi) - tr(io/x) . (2.4.6) 

ZTT J[l,oo)x5i 

Hence, we have 

^Q-klooih-'^gih)^-! ^ g-fetr(/ito)g-fci"Do(9i) _ (2.4.7) 

Doing the similar calculation for ad7e~*^^^o(*^'^ ^^'^^^ ) and combining all the results, we 
obtain the expression of the section over B~^{N~^)* C LGq '■ 

(^h<^A){gig;\s) = e-"'^(*o)-'=t"-(^*o)e-'=^°o(^i32) . (2.4.8) 

Since the adjoint action of LH on £^ is continuous, this state must extend to the 
whole space LGq if the state $a does. Therefore, if A e P^^^^ the weight wA + k^^ji is 
necessarily in P+^^ and the state /i$a is the highest weight state $-yA with that highest 
weight 

7A = 'u;A + A;V, (2-4.9) 
where the weight e P is given by *7^(t') = tr(/xv). 
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The Spectral Flow as an Algebra Automorphism 

The above result could be seen by looking at the response of the state to the action of 
J{LGc) X J(LGc)- Instead of doing the direct calculation, we exploit the relation ( |2.3.6| ) 
of the current J and the infinitesimal generators of J{LGc)^ In the situation of ours we 
have 

Uv)Z^^^^{Aa,0) = zP^{Aa,J:{v)0), (2.4.10) 
; J:iv) = ^<f z''dz\j:''{h-'vK) + -ktT{ah-^vK)] , (2.4.11) 



where J^°dz is the local holomorphic part ( p.l.l2| ) of the current with respect to the 



frame ctq defined on Dq. Taking account of this and the expression ( p.3.8| ) for the energy 
momentum tensor, we have the following intertwining relations between the spectral flow 
/lo- and the generators L„, J„(f ) : 

= K{L^ + Ua) + ^tT{a^)6n,o}\0), (2.4.12) 

Jn{t)ha\0) = K{jniw^t) + k6nM(^^^t)}\0) , (2.4.13) 
JnieMO) = /i~.J„+^.a(a)(rv,.e,n-;)|0)cJ''"('^), (2.4.14) 



where n e Z, t e Lie(T)c and a G A. Note that (|2.4.12| ) and (|2.4.13|) forn = derive 
the transformation rule of [70-] = e'^°'^w„ on the Lie algebra V of the torus U{1) x Tq given 



in the formula ( |A.2.2| ) in Appendix 2. These show that a state $ of weight {S, A, k) is 



transformed to another state of weight (7o-£^,7o-A, k) where 

-f^£ = £ + X{a) + hi{a^) , ^^X = w-\X + k''a) . (2.4.15) 



If the loop 7o- represents an element of from the start, ( |2.4.14| ) shows that a highest 



weight state $a is transformed to another highest weight state hcr^\. Under the identifi- 



cation fi = w^^a and w = w^^, we see that the two results on the new weight, ( p.4.9|) and 
( p. 4.151) coincide. Moreover, a calculation shows that the Lq value A^a — is given by 
7^ of ( p.4.151) with ^ = zAa - ^ and A = A where Aa is given by ( p.l.l7|) or 

(A, A + 2p) 

2(fc + gv) ' ^2.4.16) 

where p G P is half the sum of positive root of G. 

We can see in a more transparent manner the transformation A 7A of highest 
weight for 7 G Fg where we identify the loop 7 with the corresponding element of the 



17 



We only look at the left representation J since everything is the same for the right representation J. 
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Weyl group H^g. As explained in Appendix 2, the group Fg is a permutation group of the 
set B(C) = { do, ■ ■ ■ ,ai} of simple affine roots and it acts on {0, 1, ■ ■ ■ , /} by jai = a^i 
for z = 0, 1, ■ ■ ■ , /. We introduce the fundamental affine weights Aq, Ai, ■ ■ ■ , A; G V by 

Ao = (0,0,1), Ai = {0,Ai,mi), t = l,---,l, (2.4.17) 

where Ai, • • ■ , A^ G P are the fundamental weights defined by Aj(Q;J) = and mi, ■ ■ ■ , m; G 
N are the coefficients of the coroot d^ = mjO;^ for the highest root a. Then, 

in view of the relations 2(Aj, Q;j)/||dj|p = 6ij and 70:4 = a-yi we see that jAi = A^j 
modulo R X {0} x {0}. The affine weight A = (Aa,A, fc) for A G P+^'' is expressed as 
A = J2i=Qfiik.i — where rij's are non-negative integers and 6 = (—1,0,0). Then, the 
new weight is given by 

I 

^A = J2niA^i- A^a5. (2.4.18) 

Remark. We may consider the state hcr\0) to correspond in the standard way to a new 
field 70-0. If the field O has conformal weight {Ao,Ao) and charge (Ao,Ao), the new 
field 7o-0 has conformal weight (70-Ao, 7o-^o) and charge (7o-Ao, 7crAo). A primary field 
O is transformed to another primary field j^O if 70- represents an element of C W^g. 



*For each root a G A, we associate the coroot € defined by = 2Q!/||a| 
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CHAPTER 3. INTEGRATION OVER GAUGE FIELDS 



Let if be a compact Lie group and let M denote the matter field theory which 



we discussed in the previous chapters : the system of free fermions taking values in a 
vector bundle E with structure group if, the WZW model for a group G such that H is 
a closed subgroup of G/Zg, or some combination of these systems. We consider in this 
chapter the quantization problem of gauge theory. That is, we give a method to perform 
the integration 



over gauge equivalence classes Ap/Qp of connections on a principal if -bundle P. The 
integrand is the correlation function of the matter theory M with ^p-invariant insertion 
O of local fields. We first perform the integration over each orbit of the group Qp^ of 
chiral gauge transformations and then, sum up over the orbits. The first step naturally 
leads to the WZW model with negative level, targetting the symmetric space ifc / H . The 
latter half of this chapter is devoted to the analysis of this theory. 



3.1 The Space of Gauge Fields 
We give a description of the structure of -orbits in the space Ap of gauge fields 



note on the relation of holomorphic structures of the ifc-bundle Pq and connections of P. 
A connection Aoi P determines a holomorphic structure Ja of ffc : A local section a oi Pq 
is holomorphic with respect to J a when 9^ cr = where a is represented as a local frame 
of the vector bundle associated to Pq through a faithful holomorphic representation of 
ifc. Conversely, any holomorphic structure J of Pq determines a "hermitian connection" 
A{J) G Ap such that Ja{j) = J- So we can identify the set of holomorphic structures of Pq 
and the set Ap of connections of P. Two holomorphic structures Ji and J2 are isomorphic 
when there is an automorphism h G Qp^. which gives a bi- holomorphic map h : {Pq, Ji) 
{Pc, J2)- In other words, Ai and A2 determine isomorphic holomorphic structures in Pq 
when h~^dA2h = Ba^- So, we can identify the set of isomorphism classes of holomorphic 
structures of Pq and the set Ap/Qp^. of orbits of the chiral gauge transformation group. 

It should be noticed that the space Ap is given a structure of complex manifold in 
such a way that the action of the group Q^. is holomorphic : The complex structure at 
each tangent space f2^(E, adP) is given by the operator * which determines an involution 
*dz = idz, *dz = —idz on the space of differentials. 




(3.0.1) 



and argue that we can neglect some orbits in the integration ( p.0.1| ). To start with, we 
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On the Sphere 

We begin with the case in which S is the complex projective hne P^. It is covered by 
two complex planes — z-plane and ly-plane where z and w are related by zw = 1. We 
denote by Dq C the unit disc in the 2;-plane. 

{For H = U{1) ) 

First, we consider the simplest case H = U{1). We start with the topological classi- 
fication. A principal U{1) bundle P admits local sections Sq and Sqo defined on Uq and 

for some e > respectively where Uq (resp. U^) is an open neighborhood of Dq (resp. 
P^ — Do) consisting of z with \z\ < 1 + e (resp. w with \w\ < 1 + e). They are related by 
the transition rule Sq = Soo^ooo where /iqoo is a function on f/Qplf/^ valued in f/(l) = {e**^}. 
A topological invariant of P is given by the winding number of h^oo 

« = 77- f h^odhooo, (3.1.1) 

which must be an integer. Then, hooo can be written as /iooo = e~*"^+*'^°°° where (pooo is 
a real valued function on Uq fl U^. Using the cut-off function g : S'^ ^ [0, 1] which is 
identically on S*^ — (resp. 1 on S*^ — Uq), we have the following transition rule 

s^e-'^<t>ooo = 5^gi{i-f)</'ooOg-iae _ ^3^^ 2) 

Thus, the topological type of a principal f/(l)-bundle is determined by the winding number 
a G Z. Such a classifacation holds for any surface S. 

We proceed to the classifiction of holomorphic Hq = C*-bundles. A holomorphic C*- 
bundle V admits local holomorphic sections ctq and a^o defined on Uq and U^ for some 
e > respectively which are related by the transition rule ctq = croofooo where /ooo is a 
holomorphic function on Uq fl U^ valued in C*. If a = — <P /o^o'^/ooo, /ooo can be written 
as fooo{z) = z~"'e^°^'^^^^ in terms of a holomorphic function Xooo on Uq fl U^. Then, taking 

oo 

the Laurent expansion Xooo{z) = '^XnZ^, we have the following transition rule : 

— oo 

n=o^"^ = aoo(^)eS„.i^-""' (3.1.3) 

This shows that for each C*-bundle Pq, there is only one holomorphic structure up to 
isomorphism. Thus, the space Ap of gauge fields is itself a single ^Pj. -orbit. 



^^As before, the radius r and the angle 9 are related to the complex coordinate z hy z = re*^ 
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( For simple H ) 

Next we consider the concrete example in which H = SU{n)/Zn where is the 
center of SU (n) consisting of identity matrices multiplied by n-th roots of unity. For each 
j E Jo = {0, 1, ■ ■ ■ , n — 1}, we take an if-bundle P*--'-' which admits a section sq on the 
z-plane Uq and a section s^o on the w-plane U^o related by Sq = Soo/^ooo on Uq fl Uoo where 
the transition function /iqoo : Uq fl Uoo — > if is represented by a multi-valued map /looo 
to SU{n) such that /iooo(re*^+2^*) = e^^^n /iooo(re*^). Then, {P(j) ; j G Jo} is the set of 
topologically distinct if-bundles over S*^. Such a classification holds for any surface S. 

A holomorphic Hq = SL{n, C)/Z„ bundle over is described by the transition rule 
o"o = CToo/ooo where ctq (resp. cToo) is a holomorphic section over Uq (resp. Uoo) and the 
holomorphic map /ooo ^ f^o H [/qo Hq is also represened by a multi-valued map to 
SL{n,C). By the Birkhoff factorization theorem |^|, we may assume that f^oo is 



given by fooo{z) = z where a belongs to P^, that is, a is a traceless diagonal matrix 
/ ai \ 



V an J 



with ai + -eZ (i = l, ■■■,«), (3.1.4) 

77/ 



for some j G JTq- This holomorphic bundle denoted by V[a] is isomorphic to {Pq \ JA{a)) 
for some A{a) G .4.p{j). The theorem of Birkhoff shows that V[a] is isomorphic to P[a'] if 
and only if a' G Wa where W is the permutation group of {ai, ■ ■ ■ , a„}. Thus, the discrete 
set /W indexes the set of isomorphism classes of holomorphic iic-bundles over and 
it follows that the set Ap{j)/Qp(j) of ^p{i)-orbits is indexed by Pj/iy where Pj is the set 

of matrices a G P^ whose entries differ from by integers. 

n 

We calculate the dimension of the group AutP[a] of holomorphic automorphisms of 
V[a] ■ An element / G AutP^a] is given by a pair of holomorphic maps fo'-Uo^ Hq and 
foo '■ Uoo — ^ He that are related by /o( z) — z"' fooi^z^z . We see that the matrix element 
(/o)j- is a span of l,z, - ■ ■ , z°-^~°-^ if > aj and {fojj = if Oj < aj which shows that 
dimAufPfa] = n-l + J2i<j ( ^ai,aj + 1 + Icij - flj I ) . It is minimized by a = /io, /ii, ■ ■ ■ , /in-i 
where fij G Pj is given by 

= 1 — — for 2 = l,---,j, and = —— for 2 = j + (3.1.5) 

Since Aut'P[a] for a G Pj is naturally isomorphic to the isotropy subgroup of QpU) at 
A{a) G ^p{j), ^p(j) contains a single orbit = A{fij) -QpU) of maximal dimension. The 
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codimension da of the orbit Aa in Apu) is hence given by 

= ^{^a,,a, - 1 + |ai - aj\ ) = ^ {tti - aj - 1) . (3.1.6) 



i<j ai>aj 



Note that the orbit Afj,^ has a complement in Apu) of codimension 1 for j = and n for 
j = l,---,?2— 1. Hence, in the integration ( |3.0.1D for P = P^^\ we have only to take into 



account the contribution of the orbit Af^^, if Z^^ p(j) is smoothly defined over the whole 
space Ap{i). 

If H is the quotient group H /Zfj for a compact simple simply connected group if, 
the story is almost the same. We follow the notation in Appendix 2. The set of distinct 
topological if-bundle is represented by {-P'-^'^jjeJo where P'^-'^ is an if-bundle given by a 
transition rule sq = SooC"*^^^. The set of isomorphism classes of holomorphic ifc-bundle 
over is given by {V[a] ; a G P^flC} where V[a] admits local holomorphic sections cxo"^ and 
a'^ related by a'lf' = a'^ z'"". The dimension of the group of holomorphic automorphisms 
of V[a] is given by / + EaGA+( '^a(a),o + 1 + ) which is minimized by {/ijjjgjo (see 

proposition 2, Appendix 2). This shows that each Apa) containes a single ^p{i)-orbit A^^ 
of maximal dimension. The codimension of the orbit Aa corresponding to V[a] is given by 

4= E ("(«)-!)• (3.1.7) 

a(a)>0 

Hence we have only to take into account the contribution of the orbit A^^ in the integration 
( ^XTD for P = P(J). 



On a Surface of Genus > 1 

If the genus g of the surface S is larger than zero, the set of ^/^-orbits in the space 
of connections of an if-bundle P is not in general a discrete set. But there is an efficient 
way developed by Atiyah and Bott [Q to classify the orbits by a discrete set. 

The basic notion in the classification is the semi-stability of vector bundles. We say 
that a holomorphic vector bundle E is (semi-) stable if for any proper holomorphic sub- 
bundle F of E, we have ;u(-F) < /i(-E) (Ai(-^) < /^(-^)) where f^{E) is the slope of E 
defined by fi{E) = ci{E)/Ta.nk{E). A vector bundle is not in general semi-stable but 
has a unique filtration = Eq G Ei G ■ ■ ■ G E^ = E hj subbundles, called the canon- 
ical filtration of E, such that the quotients Di = Ei/Ei^i are semi-stable and satisfy 
ft{Di) > yu(Dj_|_i), see Harder and Narasimhan |21|. A holomorphic ifc-bundle V admits 



its canonical parabolic reduction Vq, that is, a reduction to a parabolic subgroup Q of Hq 
such that adVQ / adnqVQ is semi-stable and of slope zero and that the canonical filtration 
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of adV/adTq (resp. ad^gPg) has quotients of negative slopes (resp. positive slopes) where 
uq is the Lie algebra of the unipotent radical of Q. 

We now define the type of a holomorphic principal bundle. We choose a maximal torus 
T oi H and a chambre C in ?Xie(T). Note that an element /i of C determines a parabolic 
subgroup Q of Hq by the statement "a root a of Hq is a root of the unipotent radical uq 
of Q if and only if a{fi) > 0". For each one dimensional representation x of a parabolic 
subgroup Q, we denote by the linear form on V = iLie(T) such that = e^^^^^ for 
t e Vc- A holomorphic /7c-bundle V is said to be of type fi E C, when the canonical 
parabolic reduction of V is to the parabolic subgroup Q determined by /i and for any 
representation X '■ Q ^ C*. the line bundle x(^q) — T^Q^Q^ associated to Vq through 
X has the first Chern number A;^(/i) : 

ci{x{Vq)) = \M ■ (3-1-8) 

For example, the holomorphic i^c-bundle V[a] on the Riemann sphere is of type a e P^. 
There exists an i^c-bundle of type only if is an 'integral point', that is, A^(//) e Z 
for every character x of Q- Thus, the gauge fields are classified with respect to the types 
and we have the disjoint union 

U -^M' (3-1-9) 

where A^^ consists of ^^-orbits corresponding to type ^ holomorphic structures of P. A 
simple index calculation shows that An is a submanifold of of codimension 

rfM= E H^) + g-i)- (3.1.10) 

a(/i)>0 

Hence, for > 1 we have only to take into account of the submanifold — >A.ss corre- 
sponding to the set of semi-stable i?c-bundles. (A holomorphic i?c-bundle V is said to 
be semi-stable when adT' is semi-stable.) 

For H — U{1), since every holomorphic Hq — C*-bundle is stable, we take the whole 
space Ap into account. The set of isomorphism classes of holomorphic C*-bundles is given 
by the sheaf cohomology group H^{T,,0^) called the Picard group of E and denoted 
by PicE where is the sheaf of germs of holomorphic functions valued in C*. The 
homomorphism 0-£ — > with kernel Z given by / i-^ e"^^^^ induces the long exact 
sequence of sheaf cohomology groups : 

^ H\E, Z) ^ H\E, Os) ^ ^^^(E, O^) H^{E, Z) ^ , (3.1.11) 
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where the last projection counts the winding number. The Jacobian variety JacS = 
Oj^) / H^(T,, Z) is a complex torus of dimension g. Thus, we have the description of 
the set of holomorphic C*-bundles by the exact sequence 

^ JacS ^ PicS ^ Z ^ 0. (3.1.12) 

Let us choose a base point xq G S. An element O{xo) G PicS of winding number one is 
defined by the transition rule 

ooiz) = (Too{z)z~^ , (3.1.13) 

where z is a local coordinate with z{xo) = 0, (Tq is a section over the coordinate neigh- 
borhood and (Too is a section over S — {xq}. This bundle O{xo) generates a subgroup of 
PicS which is mapped isomorphically onto Z by the projection ci in ( p.l.l2|) . In other 
words, 'tensoringby O{xo)"'' induces an isomorphism (PicS)o = JacS (PicE)^ = cj~^(a) 
of complex manifolds. This isomorphism plays an important role in the theory of field 
identification which we discuss in the next chapter. 



If H is simple, the semi-stable orbits are further classified. We can show that for g > 2, 
Ass contains a submanifold As with a complement of codimension > 1 where As consists 
of ^i^-orbits corresponding to stable bundles. (See for the definition of stability of 



principal bundles). The theorem of Narasimhan and Seshadri |^0|, §], |^ states that 
the set Ap^ of irreducible flat connections is included in the space As consisting of stable 
orbits and that the inclusion map induces the bijection Ap^/Qp ^ As/Gpc = -^p of the 
quotients. It is also known that Mp is a complex orbifold of dimension dAm.H{g — 1) and 
has a natural compactification A/p = Ass I ~ which can be identified with the set Ap/Qp 
of all fiat connections.0 

If (7 = 1, Ass contains a submanifold A°g with a complement of codimension > 1 : 
A holomorphic bundle V corresponds to an orbit in when adP is decomposed into a 
direct sum of distinct stable bundles. The quotient space A°gg/Qp^ is a complex orbifold 
and it has a natural compactification A/p = Ass/ ~ which can be identified with Ap/Qp. 

Example — Flat S'0(3)-Connections over the Torus 

We explicitly describe the spaces A/p of fiat connections of the trivial and the non- 
trivial H = 5'0(3)-bundles on the torus = C/(Z + rZ) of period 1 and r where 
T2 = Imr > 0. We denote by C the coordinate of this plane C. We choose a homology 



~ A2 when Ai and A2 determine holomorphic bundles Vi and 7^2 respectively such that adT'i 
and ad7-'2 have filtrations whose quotients are stable and coincide with each other up to permutation. 
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base A, B : [0, 1] defined by Ci^t) — t and C{Bt) = tr, which also determines a set 

of generators of the fundamental group ttiE = Z^. A flat connection of an //-bundle P 
determines (up to conjugation) a holonomy representation p : ttiE H. It is determined 
by a = p{A) and b = p{B) that commute with each other. 

If P is trivial, a and h are represented by elements a and b oi H — SU (2) that also 
commute with each other. By conjugation if necessary, we may as well assume that d and 
b are diagonal matrices 

Q g-27ri<^ j > V e"^"'^ / ■ (3.i.i4j 

Such holonomy is provided by the gauge field of the following form : 

A^=(yud(-^udC){l (3.1.15) 

where u = ip — rep. A^' is ^p-equivalent to A^ if it is a gauge transform of Au by element 
g ^ Gp oi the following form : 

/ ^TTi{nx+my) g \ 

g{(^X + Ty) ^n^i^ Q ^-ni(nx+my)J , (3.1.16) 

where n-u, G SU{2) represents an element of the Weyl group W — S2 and n, m are integers. 
(This g represents a single valued function on 11^ valued in 5*0(3).) Thus, A^i is equivalent 
to Au if and only if u' — ±u — y + for some n, m e Z which shows that 

AAp = C/{(iZ + fZ)x{±l}} . (3.1.17) 

It is topologically a sphere and is a complex orbifold with four singularities u — 0,j,j, ^ 
of order 2. The orbifold jVp — {u — 0} corresponds to the quotient space ^^s/^it in the 
above general argument. 

If P is non-trivial, a and b are represented by elements d,b oi H — SU{2) that do not 
commute but satisfy 

dbd-'b-'^ . (3.1.18) 

There is only one such pair (a, b) modulo conjugation : 

■ i-c: -M. (3.1.19) 



,0 -iy ' VI . 

Hence, for the non-trivial 5'0(3)-bundle P over the torus, 

jVp = {one point} . (3.1.20) 
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It should be noted that, unhke in the abehan case, A/triv. is not isomorphic to A/'non-triv. 
and that even the dimensions are different on torus. This is the general situation. For 
general simple group H without center, A/triv. on the torus St- is given by 

A/lriv. =Lie(T)c/(P^ + rP^)xl^, (3.1.21) 

and hence of dimension rankif. But for each j G in the terminology of Appendix 2, 
we have a non-trivial if-bundle P^^^ and we can see that dimMpd) = dimKei{wjWo — 1) 
which is strictly less than the rank of H . 



3.2 The Path Integration 



Now we perform the integration ( p. 0.1]) . To define the measure for integration. 



we introduce metrics on the spaces Ap and Qp^. So, let us consider the tangent spaces 
{TaA^^^'^ = adPc) , (^/^^Pc)c °^ = adPc) , (3.2.1) 

at points A G Ap and h G Qp^. where a G r2°'^(S, ad/fc) is tangent to the curve Ba^ = dA+ta 
at t = and e G ^7*^(S, adi^) is tangent to the curve ht = he^'^^^'^* at t = 0. We define inner 
products on those spaces by (01,02) = JY.tip{a\a2) and by (ei,e2) = 2^ /s *trp(^i£2) 
where tr^ is a suitably normalized if-invaiant fibre metric of adP. Then, Ap becomes a 
Qp invariant Kahler manifold and Qp^. becomes a Hermitian manifold invariant under the 
left translations by elements of Qp^ and under the right translations by elements of Qp. 

Local Parametrization of Gauge Fields 

As have been noticed in the previous section, we may neglect some class of ^/j. -orbits 
in the integration (|3.0.1|) . So, let A°p C Ap be the submanifold that we take into account 



and let Ap denote the quotient space Np = A°p/Qp^ and let dj^ be its dimension. If 
H = U{1), A°p is the whole space Ap and Afp is the connected component of the Picard 
group PicS for the winding number ci(P X(7(i) C). This gives the value dj\j- = g. If the 
group H is simple, we have 

(g = 0) A°p = A^^ for P = P(J), 7V^ = one point, 

{g = 1) Ap = A°^ , Mp = complex orbifold C Mp , < dj^ < rankif, 
{g > 2) Ap = As, Mp = complex orbifold C Mp , d^ = dimH{g - 1). 
We may as well restrict our attention to the non-singular points of Afp and we assume 
hence-forth that Afp is a complex manifold. For every point Uq G Afp, we can take a 
neighborhood U of Uq in Ap with a holomorphic family {A„}„g{7 of representatives, that 
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is, a holomorphic map U — > A°p, u ^ Au such that AuQpf. = u. We denote by Au the 
inverse image of U by the projection A°p Ap and define the surjective map 

f -.U ^Gt^^ Au (3.2.2) 

by /(it, h) — A^. This is not in general injective due to the symmetries of Au- In fact, if 
Su — PmIBa^ is the group of automorphisms of {Pqi Ja^-i fiu', h') — f{u, h) if and only 
a u' — u and h' e Suh. We denote by ds the dimension of Su which is constant on U 
since ds — dj^ is the index dimi7(l — g) oi the operator Ba^ acting on the sections of the 
adjoint bundle adi-^. 

Now, we coordinatize the spaces Ap and U x Q^. in a way that makes easy to pull 
back the measure on Ap by the map /. Let {v}, - ■ ■ , u'^-'^) be a complex coordinate system 
on U. Then, l'i{u), • • • , I'dj^iu) defined by Vaiu) — {d/du"-)A^^ determine a base of the 
tangent space 

ri^'°)C/ = i7|;^(E,adPc), (3.2.3) 
for each point u E U. We choose a base a^{u), - ■ ■ , a^-^{u) of the cotangent space 

(rimuy = Hlj^E, BidPc^K) , (3.2.4) 

and a base ei{u), ■ ■ •, eds{u) of the space Lie(S'u) — H^^ (E, adi^) of infinitesimal symme- 
tries of Ba^- 

At the point f{u,h) = A^, we choose an orthonormal base {a„(M, /?.)}neN of the 
tangent space Im{(94h : l^adifc ~^ ^adPc} ^ij,-orbit through A'^ and an orthonormal 

base {^n{u, h)}neN of the space (ji,^^LicSuh}j C r2*'(E,ad/^) normal to the symmetries 
of dAh- If wc put a[y^dxr{u, h) = h*a^{u)*h*~^ and ei-dg{u, h) = h~^ei{u)h, then we have a 
base of T^}f ^Ap and a base of T^^'^^Qj^ given respectively by 

«n(M, h) \ ^ and \ e^iu, h) \ (3.2.5) 

J n=L—aj\f J n=l—as 

We introduce complex coordinate systems : x — (x^"*^-^, ••,x'^,x^, • • ■) on a neighborhood 
of A'^ in Au and t — {t^~^^, ••, i^, • • •) on a neighborhood of h in Qj^ such that 

OO 

A{xf''^ = {A':,f''^+ x'^an(u,h), (3.2.6) 

n=l— djv" 

and h{t) = exp|^f-''«ei(it)|/iexp|xj^"e„(ii,/i)|. (3.2.7) 



53 



Then, the pull backs 5/*-°'^-' = h ^5Auh + dA_h{h ^6h) of differentials dx^ are expressed as 



d^f 



b,c=l 

oo 



(3.2.8) 



m=l 



dj\r 

f*dx'^ = ^ (a„(M,/i),(94he„(M,/i))rft"' + ^(a„(M,/i),/i-V,(M)/i)rfM'= (3.2.9) 

c=l 



where M^'^{u, h) is the matrix element of the inverse of Mab{u, h) = {aa^-dJyU, h\ ah-dJyU, Kfj . 
( , ) in the equation ( p.2.8|) is the natural pairing given by (a, J^) = ^ /s^^l*^^)- 
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The Measure VA 

We denote by VA (resp. Vh) the volume element of the Hermitian space Ap (resp. 
Gpc)- At the points A'^ G Ap and h G Q^t, we have the formal expressions in terms of the 
coordinates {x^}n=i-dj^ and {t"}^^!.^^ : 



(va)^^ = det{M-ab{u,h)) n ^' 

" n=l—dj^ 

oo 

(Vh) = det [Sij{u,h)) n 

n=l—ds 



(3.2.10) 
(3.2.11) 



where we denote by the real two form idx^/\dx^ (similarly for (Pt^ and we use such no- 
tation in the rest of the paper) and the raaXiiK Sij{u,h) is given by (^ti^dsi'^i h), tj^dsi'^', h)^ . 
By the formulae ( F^ , (HI), the pull back f*VA at the point (m, h) e U x Qj:^ is ex- 
pressed as, 

2 



rvA^u,h) 



det(a''(M), Vein) 



dei(M-ab{u,h) 



c=l 



n=l 



dj\r 

c=l 



det( a (m), Vciu 



h),dAhem{u, /i))f n c^^n dY 
2 det'((9Lc}4h 



n^iV det(a^(u),zy,(u) 



c=l 



detM(M, h) det S{u,h) 



det ^(m, h) n f^^" 



n=l 



det(^a'^(M), a''{u)^ det(^ei{u), ej{u) 

oo 

exp{W(A„, hh*)} det ^(m, /i) n dY , 



(3.2.12) 



n=l 



where we have used in the last step the formulae ( |1.1.5| ), ( |1.4.1| ) for the chiral anomaly. In 
the above expressions, det' (D^D) denotes the regularized determinant of D^D restricted 
to its positive eigen-space. 

We now introduce a function Fu : Qp^. C*^^ which satisfies the following condition : 
On each S'^-orbit in Qp^, takes the value zero at one and only one point and that at 
each zero point h the differential Fu^h '■ LieS'u — > C^-^ defined by Fu^h{e) = (^-^^^Fuie^^h) 
is a linear isomorphism. If the point {u,h) E U x Qp^ satisfies Fu{h) = 0, we have the 
equality : 

n<5(2)(f-^«) = 5(2'^-)(F„(Mt)))|det(F;,(,)(e,(t.));' 



i=l 



(3.2.13) 



Since the role of this factor is to fix the finite dimensional 'gauge degrees of freedom', 
we call it the residual gauge-fixing term and the function Fu is called the residual gauge- 
fixing function. Making use of this function, the pull back of the measure T>A by the 
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isomorphism : UueuSu\Qpc — ^ is found to be 

d.^f 



X 



^ " det(ei(M),ej(M)) dei(a-{u),a\u)) 



Let us now introduce a spin (1, 0) free fermionic system (6, c) taking values in the 
adjoint bundle adi^ which we call the adjoint ghost system. Then, we have another 
expression for the measure given in ( p.2.14j) : 



du I- 



IS, 

i=l a=l 



dM 

n 

X Zi:J g,A^-X{Fl,{c)Fl^{c) n(&,i^aH)(&,i>aM) ) (3.2.15) 



As it should be, this is independent of the choice of the family Au of gauge fields or of the 
residual gauge- fixing functions F^- We can also check that this is invariant by the right 
translation by elements of ^p. 

Expression for the Integral ( |3.0.1 ) 

We shall express the integral ( p. 0.1 ) as an integral over the moduli space M°, the inte- 
grand of which is determined by a composition of three kinds of quantum field theories — 
the matter theory M, the adjoint ghost system and the Hq/H WZW model which we 
shall study in the next section. 

Before doing that, we fix a definite model for the matter field theory M . Let us 
take a semi-simple simply connected compact Lie group G such that the group H is 
embedded into its adjoint group G/Zg and we choose a half-integer A G |Z and a unitary 
representation p : H U{V) on a finite dimensional hermitian vector space V. We 
consider as the matter M the combined system of the WZW model at level A; G N with 
the target group G and the system of free fermions taking values in vector bundles with 
fibre V and structure group p{H). 

Due to the PW identity (p.l.4| ) and the chiral anomaly (|1.1.5| ) , the integrand of ( p.0.1|) 
is given by 

Z^^Ag,At;0) = e^"fe^-^'^*)z|fp(g,A„;/^0), (3.2.16) 
; I^{g,A-hh*) = kI§^p{A,hh*) + lE{A+[\-^)Q;hh*), (3.2.17) 
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where I§ p is the WZW action for the group G (we consider here that hh* is Gc-valued) 
and Ie is the WZW action corresponding to the vector bundle E = P Xh V. The gauge 
invariance of the field insertion O implies that hO is invariant under h hU; U G Qp. 
This shows that it has the dependence of the form hO = 0{hh*,M) where M denotes 
the fields in the matter theory M. Since Su preserves the connection Au, we may as well 
assume that we can expand the dressed insertion hO as hO = J2m O"^ {hh*)Om{M) where 
for each symmetry hg & S^, and Om transform as 

h^Qm ^Qm^q^^isAu^hsK) = C^e-^"^(^'^"'^^'^^\ (3.2.18) 

respectively. (If necessary, we select out the components of hO that transform in the 
above way.) 

After factoring out the volume element of the gauge transformation group Qp, we 
integrate f*VA Z^^p{g, ; O) over each space Su^Spt/Qp- Then, we obtain the following 
measure on U : 

9.^p{g-0) = tfc/V/ Vhe-^^"^^'^-'^^'H^^'^'HFu{h)]0'^{hh*) (3.2.19) 
„=i Jgpjgp ^ ^ 

^ i=l a=l 

where the exponent I^^^ is given by —I^fp — /adP and Vh is the volume element of the 
homogeneous Riemannian manifold Qp^/Qp. Since this form Vt^p is independent of the 
choice of families {Au\u& and {Fu\u&i p extends to a well-defined measure of the 
moduli space M° . Thus, we have the following expression for the integral ( p. 0.1 ) : 



Zs,p(g;0)= / ^MAS-.O). (3.2.20) 

Remark. Though it is not realistic, we have assumed in the above argument that the 
function 6(^Fu{h)^ is right ^p-invariant. Some care is needed if the zero point set of F^ is 
transversal to the ^p-orbits. 



3.3 WZW Model with Target Space Hc/H 

The integration over each Qp^-orhit has thus lead to a system of quantum field 
theory — the system of fundamental fields hh* G Gpf./Gp with the action /^^. In the 
final section, we study this system in the simplest cases where H is U{1) or H is simple. 
The general case is essentially a "direct sum" of such abelian and simple models. 
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To start with, we write down the action I^p^ in such simplest cases. For the abehan 
case H = U{1), we introduce a new variable X defined by hh* = . We denote by 
e*^' ^ e"^ and e"' ^— e"^^ the embedding map i : H ^ G/Zq and the representation 
p : H GL{V) respectively, where /i G and fi^ G gl{V). Then, we have the following 
expression for the action : 

I^J,''{g,A;e'') = ^ J^[k-{dXdX - 2UX) -2c'{X-^)ReX^ , (3.3.1) 

where = A;trg(/i^) +tr^(/i^) and c' = tr^-(/i,^).0 This is the free boson system with the 
background charge provided by the curvatures Ja and Rq of the gauge field A and the 
metric g respectively. 

If H is simple, since it coincides with its commutator subgroup [H,H], the term 
tr^ei^e in the formula ( p..4.2| ) disappears. Hence we see that the action is proportional to 
the WZW action for the universal covering group H : 

/gp/^(g,A;/ir) = -kVlpiA,hh*), (3.3.2) 
; k"" = + + (3.3.3) 

where Tq and Vy are ratios defined by 

ti^izXiY) = rgti^iXY) and tr^(p(X)p(r)) = tr^(Xy) , (3.3.4) 

for X, y G Lie{H). By this observation, we call this model the Hq/H WZW model at 
level — . 

Fusion Rule as Integrabihty Condition 

Let H be simple. Unlike in the ordinary quantum field theory, the path-integration 

Zgf (g,A;0)= / Vhe^'l^^^-^^*^5(FM) detFl,{e,)'0{hh*), (3.3.5) 
Gpf. /Qp 

is ill-defined for generic insertion O of local fields. This is due to the fact that Hq/H 
WZW model is a field theory induced by the integration over gauge fields and that for the 
integral to be well-defined, the integrand need to be finite everywhere on or have at 
most mild singularities. For illustration, we consider a concrete example — two and three 
point functions on the sphere of a model with G = SU{2), V = {0} and H = S0{3). 



^^The symbol tr^ is the normalised trace of the universal envelooping algebra of Lie(G). See Chapter 

2. 
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We look at the behavior of the integrand Zpi ^.^.^^ {g,A]0) as the gauge field A lying 
in the dense orbit approaches a point in the orbit Aa^ of codimension one. Recall that 
if A lies in the dense orbit ; A^'^ = h~^dh, h : Hq, then we have 

Z^.^,,„XA ■ O) = e''P^^''^*^O{hh*)'^Z^,^,,,^i0 ■ 0{g)"-) , (3.3.6) 

where 0{hh*)^0{g)^ is the invariant component of hO with respect to the global sym- 
metry group He of the trivial connection (see ( p.2.18|) ). Let us consider a family 
{^(c)}cgC of gauge fields given by A^^^ = (1 - c)y4°^) where 



^?0) ~ Q _^ U|2^|2 f 1 -V ) (3.3.7) 



lies in the orbit A^^- If c 7^ 0, A(^c) lies in the dense orbit ^0 '■ ^?c) ~ ^dh^ where 



1 1 , 



^e=r^(''.^'"''^ '^'^"Vil • (3-3.8) 

A direct calculation shows that e^^^^"^*"^ = \c\'^^e^^^~^'^^'^\ Let Ojj and Oj-^^j^j^ be the field 
insertions tTjg{oc)tTjg{0) and tTj-^g{oo)tTj2g{l)tTj.^g{0) respectively where tr^ is the trace in 
the spin j representation of SU{2). Then we have the following asymptotic behavior : 

gfe/pi(/^./^e)c)^..(/,^/,*)^fc _ |^|2(fc-2i)gfe(i-|cp) asc-^0, (3.3.9) 
e^^v^^h-=^*)Oj,j^j,{Khl)^ ~ |c|2(fc-ii-i2-i3)gfc(i-|cp) ^s c 0. (3.3.10) 

k 

These are finte in the limit c — if and only if j < — and ji + j2 + is < k. 

A detailed analysis by Gaw§dzki [|14| shows that these are precisely the convergence 



condition of the integrals 

/ Vh e^^+^^^v^^^^'^{hh*)0{hh*)^ , (3.3.11) 

jQr.lQ 



for O = Ojj and for O = Oj^j^j^ respectively. Fortunately, if j > — and ji + j2 + js > 



iQclQ 

k 
2 

the correlators Zpi triv.(Oi ^{9)^^) ^ = ^jj ^-^d O = Oj^j^j^ are identically zero due to 
the fusion rule found by Gepner and Witten [0. Hence, the integrand Zpi ^^.-^ ( g, A ; O) 
or the path-integral of the total system never diverges. 

It has been conjectured by Gaw§dzki that this phenomenon generally occurs. That 
is, the fusion rule of WZW model for compact group H provides a convergence condition 
for the Hc/H WZW model. 
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Direct Path Integration 

If H = U{1), the symmetry group Su is always the group C* of constant muhiphcation. 
Hence, to fix the gauge degrees of freedom is just to fix the constant mode of the field X. 
Thus we are left with the integral 



/ 



VX e-^^(^'^'^)(5(X(xo))0(e^) , (3.3.12) 

Map(T,,R) 



where Xq € S is any base point and the insertion O satisfies 0(e^~^^'^) = e~^^^^'^'^'^^0{e^). 
This is essentially a Gaussian integral which can be performed exactly if we suitably 
renormalize the local fields e°'^^^\ 

If H is simple, the direct calculation gets more difficult. So far it has been done only for 
topologically trivial if-bundles on the sphere and on the torus by reducing the problem to 
iterative Gaussian integrals (see Gaw§dzki |T^ and Gaw§dzki and Kupiainen [1^). This 



is possible because we can take in that case an Iwasawa-like decomposition of the group 
Qpf. which is point-wisely preserved by holonomies of the background connection For 
higher genus and for non-trivial if-bundle, a good coordinatization of the homogeneous 
space Qpf./Qp has not been found.S However, using the field identification which shall be 
proved in the next Chapter, the calculation for general iJ-bundle is reduced to a problem 
for the trivial bundle. 

Ward Identities and the Sugawara Construction 

Instead of doing the direct path-integration, we can get an amount of information out 
of the Sugawara construction together with the Ward identities for current and energy- 
momentum tensor. We list below the useful identities : 



Ward identities ( p.l.5| ) and ( |2.1.6| ) for the if-current, (3.3.13) 



(ii) Expression (PX^D for T^g, (3.3.14) 



Ward identity (|2TTl| ) for T,, and T^^, (3.3.15) 



where k and G in the formulae in Chapter 2 should be replaced by — and H respectively. 
These are essentially the results of the left ^/^-invariance of the measure Vh. The Ward 
identities (|3.3.13|) lead to the local expression 



Ja^dV = r{v) + M'ii{A''v) ; dr{v) = 0, (3.3.16) 



^^Gaw§dzki has recently announced ||T^ that he has found such good coordinatization (=good choice 
of the family of background gauge fields Au) for the S'[/(2)-bundle over each Riemann surface of genus 
> 2. 
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for the current with respect to a local holomorphic frame a. We also make the assumption 

T.. = -^^:(J.,J.): (3.3.17) 

on the relation of the current and the energy- momentum tensor where the product : JzJz '■ 
on the right hand side is defined as in ( |2.1.15| ) with the above mentioned replacement. 

Space of States and Representation of Loop Group 

We give a description of the space of states of the model. As in the case of WZW 
model for compact groups, we construct a natural line bundle C over the space LHq / LH 
of configuration on a circle and take as the space of states the space VP{LHq/ LH, C) 
of smooth sections. We also discuss on the representation of a loop group on this space. 

( For = f/(l) ) 

We record here the description of the space of states which is applicable to any > 
and any G C. The construction of the line bundle C = = (-DooR- ^ / ~ is 
essentially the same as in Chapter 2. Therefore, we only list below the basic results : 

( The definition of ~ ) {X^ + Y,1) ^ {X^, eiD^{Y)+rn^ix^,Y)-^ ^ (3.3.18) 

iD^iY) = ^ I dYdY, Tn^iX,Y) = ^ / dYdX . (3.3.19) 

47r Jdoo 271 J Doc 

( Definition of the weight ) e-^^o(^) = {(Xoo, e'^^o^^^^^)} , (3.3.20) 

( The composition law ) {(Xi, ci)}{(X2, Ca)} = {(Xi+ X2, CiCse-^^-^^^'^^))}. 

(3.3.21) 

( PW identity ) g-^EoC^i+^a) ^ ^-i^^^^i) ^-1^0(^2) ^-r^o(^uX2) _ (3.3.22) 

The bundle is also defined in the similar way (see Chapter 2.) and we have the 

(Pairing) {(Xq, co)}.{(Xoo, Coo)} = coCooe^P^^^*^") , (3.3.23) 

of elements of and over the same loop XqIqd^^ = Xoo\-dDac- We denote by LR 
the group (jO,^^ of invertible elements. It has the following representation on the space 
n°(LR,/:^i) of states : 

( Left and right representations ) For $ G fi°(LR, £^^) and Xl,Xr G LH, 

[j{xl)J{S:r)^){x) = XLHx-XL-xj^)x*ji. (3.3.24) 
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We coordinatize the configuration space LR by 

oo 

x{e) = Xo + Y. (^n^*"' + ^ne-*"') , (3.3.25) 



n=l 



where xq is a real parameter and complex parameters. A global frame ■ 

LR — > is defined by 

oo 

cr^^(a;) = e--^^o(^-) where X^(^) = + (a^n^^" + ^n^") • (3.3.26) 

n=l 

Let Jn and J„ be the generators of J and J respectively corresponding to the vector 
tangent to the curve Xn{t) ~ e~^^o(*^") where Xn is a function on Dq defined by Xn{z) ~ 
q{\z\^)z'^ {q is a cut ofT function such that q{^) = and ^(1) = 1). If we denote by 
the coefficient of a section $ of with respect to the frame ; $ = aDo^^^\ then a 
calculation shows that 



(Jn$) 



(0) 



'^-^(o) if n>0 



dx 

Q (3.3.27) 

+ if n<-l, 



5a;|n| 
9 



if n>0 



and (J„$)^°^ = < (3.3.28) 

^ + |n|x|„l)$(°) , if n<-l. 



Note that the subspace spanned by the J-descendants of the state ub^ is isomorphic to 
the well-known Boson Fock space. When completed with respect to a certain topology, it 
is preserved by the representation J of the loop group LR. 

( For simple H ) 

Wc take as the natural line bundle the restriction C of the bundle — > LHc to the 
loops of the form 77* for 7 G LHc- Equivalently, C is the pull back of by the map 
[7] G LHc ^ 77* ^ LHc- We take as the space of states the space fl^{LHc/ LH, £.) of 
sections. The group LHc acts on this space by 

( J(7)$) (7i7i*) = 7^(7~'7i7iV)r ■ (3-3.29) 

Note that LHcxLHc does not act on this space. However, the infinitesimal action induces 
the representation of the complexification (^Lhc^^ of the Lie algebra Lhc- Decomposing 
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(^Lhcj^ into (1, 0) and (0, 1) subspaces, we have the mutually commuting representations 
of negative level —k^ : 

J = J^'^'^ : {Lh^fJ"^ gl {^\C)) and J = J^'^'^ : {ih^f^'^ gl {^\C)) . 

(3.3.30) 

The action of these generators can be identified with the action of the current in the 
Hc/H WZW theory. 

States Corresponding to Some Fields and Spectral Flow 

Let (Dq; Soi z) be the standard disc with coordinate and with metric of unit curvature 
^ Idf^Rigo) = 1 (see Chapter 1, section 2). We insert a local field at 2; = and we 
find explicit expression for the wave function at the boundary circle S of Dq. Also, we 
describe the spectral flow as the screening of local field by certain if-gauge field with 
integral curvature. 

{For H = U{1) ) 

We come back to the definite model with the action given in ( |3.3.1|) . Rescaling the 
field X by y = \^X, the action is expressed as 

When a local field O is inserted at 2; = 0, the effect of propagation through the stan- 
dard disc (Do^g'o) with the basic gauge field Aa can be seen by looking at the state 
Zooigo, Aa ; 0(0)) e n%LR, C^) which is formally defined by 

Zo,{g,.Aa;0{my)= I We-^-oteo.A.;y)o( 1 y^o), (3.3.32) 



ly=y\s VA*' 
where the weight is given by e"-^°oteo.^a;5") = i^{Y^^(,~iv^{^*sofl*Aa;Y^*Y)^^^ ^ ^01 a 

certain kind of field insertion O, we can detemine such states up to constant. We first 
consider = 1. In this case, by changing the variable Y hy Y + Yy (see the definition 
in ( |3.3.2q )) and using the PW identity e-^^o(^+^j') = e-^''o0^yh-^''oO^\ we see that the 
path-integral factors out and we get 

Zz,„(go,^a;l)(y) = e-^-o(^.)exp|^ + _^(A - l)i?(g„)) | . (3.3.33) 

Since Aa is the basic gauge field and the metric gg has the unit curvature, we may as 
well assume that we can find a function ip on Dq such that ip{z) = log [zp-l-const. on a 
neighborhood of S and that 

R{go) = ddv, fA^=add^. (3.3.34) 
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Then, we see that ^ Yy(V^fA^ + -^(A - ^)i?(go)) = 2/o(v^a + -^(a - ^)). 

With respect to the natural coordinates xq = yo/y/W, x„ = v^, the state is expressed 
as 

Z^„(go, A,; l)(x) = aDo(v^a;)e(^'^+^'("-^))^° . (3.3.35) 
Quite in the similar way, we obtain 

Z^„(go,^a;e-^^(°))(x) = a^„(v^x)e(-^+'^"+^^(^-^))^" . (3.3.36) 

In particular, the state corresponding in the standard way to the field e~^^ is given by 

|A) = az5„(v^x)e(-^+^'(^-5))-o . (3.3.37) 

If it is screened by the basic gauge field Aa, the state \K)a appearing at the boundary 5 
is given by ( |3.3.36| ), that is, 

|A)^ = |A _ M'a) . (3.3.38) 
We call this map \0) — * \0)a the spectral fiow generated by the gauge field Aa- 

( For simple H ) 

In the theory of field identification we shall develop in the next Chapter, two kinds of 
fields are of special importance. The first kind are the matrix elements of finite dimensional 
representations of H admissible with respect to the fusion rules : 

Px{hhT^ ■ AePf-'"'^ (3.3.39) 

These come from the dressing hO of the field insertion O of the matter field theory M. 
The second kind are the fields of the following formS 

e^+2^(6(/i))|' ; AGPf""''\ (3.3.40) 

where h{h) is the 'Borel part' of the Iwasawa decomposition h = h{h)U{h) ; h{h) G Bq 
and U{h) G H . It is assumed that a fiag structure at the insertion point is specified. In 
the sense that becomes clear in Chapter 4, the field (|3.3.4CI| ) constitutes a part of the flag 



2 

at the center 2; = of the standard 



partner oi a dressed field composed of fields of the form (|3.3.39| ). 

Inserting those fields p\{hh*)~_^^, and e^~^'^P{b{h)) 
disc (Do)g'o) with the canonically fiat connection Aq = 0, we odtain the states {Oyj'Z 
and I — A — 2p) at the boundary S = ODq. These generate highest weight representations 



23 



p is the half the sum of positive roots of H. 
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V^*, V-X-2P C n^{LHc/LH,C) of the Lie algebra (^Lhcf^'^^®[Lhcf^^^ with highest 
weights A* and — A — 2p respectively. It should be noted that these subspaces are not 
stable by the action of the group LHq. This can be seen in view of the transformation 
rule ( [A.2.3| ) of weights by the action of the affine Weyl group W4,fr where the Lg-value is 
not bounded from below due to the negativity of the level. 

We now look at the effect of the presence of non-flat gauge field on Dq. We take an 

2 

element e~*^^w G Fg. Let the field e^^'^^{h{h)) be inserted into the disc {Dq, gg) with the 
basic gauge field A^-i^. We observe the resulting state on S standing on the horizontal 
frame a related to the original frame Sq by sq = (ye~^^^nw. The observed state is the 
transform /i$-A-2p of the state $-A-2p = | — A — 2p) by the spectral flow h corresponding 
to h{z) = z^^riw which is defined exactly in the same way as in Chapter 2. The state 
^-\-2p is given by 

'^'-A-2p(77*) = e'^^^o(''^*) \e^+^P{h{fi))^ , (3.3.41) 

where 7 is the boundary loop of a holomorphic function b : Dq ^ Hq with 6(0) G Bq . A 
direct calculation shows that the new state /;,$_A_2p is given by | — w{\ + 2p) — A**"/^). 
Since p = {0,p,h^) is Fg-invariant, we have wp + /i^ ^''p = p which shows that the new 
state is the same as | — {w\ + — 2/i^)*yi) — 2p). We note that the space V_A-2p is 
transformed by this spectral flow to V_(^A+(AP-2/iV)tr^)_2p which follows from the fact that 
the group Fg preserve the positive affine roots. 
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CHAPTER 4. FIELD IDENTIFICATION 



The fundamental group 7ri(if ) of a compact group H acts simply transitively 
on the set of isomorphism classes of topological i7-bundles over each surface S ; tti {H) 3 
7 : P 1-^ P'-f. We show that the same group vri(if) acts on the set of gauge invariant local 
fields of the theory ; HiiH) 9 7 : O ^— > 7O, in such a way that the following holds 

Zj:,P^{g; Oi ■ ■ • OsO) = Zs,p( g; d • • ■ 0,70) . (4.0.1) 

This may be referred to as the field identification phenomenon since correlators with O- 
insertion and with 70-insertion coincides with each other if we sum up over topologies. We 
cannot see such relation by a glance at the integral expressions ( |3.2.20|) for the correlators 
because the moduli spaces Mp and Afp^ are not in general isomorphic and in certain cases 
even the dimensions of them are different. In the first half of this chapter, we shall find a 
new integral expression suited to treat the problem. The basic notions in the reformulation 
are the flag partner of each gauge invariant local field and the flag strucures on a principal 
holomorphic ii/c-bundle. Making use of the (conjectured) identification between moduli 
spaces of holomorphic -ffc-bundles of topological types Pq and {P'y)c with flag structures 
at the insertion point, we show the relation (|4.0.1D which lead to the field identification. 



4.1 The Flag Partner 

As the first step to the required reformulation, we express the dressed local field 
hO as an integral over the flag manifold of H or of the fibre of the if-bundle over the 
insertion point. The integrand may be referred to as the flag partner of hO. 

Flag Manifold and the Borel-Weil-Bott Theorem 

We first recall some basics on the theory of representation of compact groups a la 
Borel, Weil and Bott which facilitates our description of the flag partner. 

Let Fl{H) be the ensemble of choices of maximal tori and chambres : 

T is a maximal torus of H 
and C is a chambre in iLie(T) 



F/(i7)= (T,C); ^.^,^.„„„,^„„^,„„.„,,.„,^, \. (4.1.1) 



We choose and fix a pair (T, C) G Fl{H). Then, the set Fl{H) is identified with the set 
H/T of right cosets of T and becomes a manifold called the (generalized) flag manifold 
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of H. Furthermore, it can be given a structure of homogeneous complex manifold since 
the embedding of H into the complexification Hq induces the isomorphism 

H/T^Hc/B (4.1.2) 

of smooth manifolds where B is the Borel subgroup of Hq determined by (T, C) . 

Let us take a linear form A G V* on V = iLie(T) that gives a character e'^ : T — U{1) 
-^y ^-Kiv ^ g27rjA(t))_ Then, it also gives a character : B ^ Q* and we can define a 
homogeneous holomorphic line bundle 

L^x = HcyiBC^Fl{H), (4.1.3) 

by the equivalence relation {hb,c) ~ {h,e~^{b)c) where h G Hq, b E B and c G C. We 
denote hjh-cE L_x the equivalence class represented by {h, c) G Hq x C. The theorem 
of Borel, Weil and Bott states that the space H^{Fl{H), L^\) of holomorphic sections is 
an irreducible HQ-modvXe V\* of highest weight A* = —Wq\^ which is non-zero if and only 
if A takes non-negative values on C. See the ref. and also p3 . 



Note that the line bundle L_a is equipped with an if- invariant hermitian metric ( , )_a 
such that an element h of H determines a unitary frame h ■ 1 ; {h ■ Ci,h ■ C2)-\ = C1C2. 
Note also that there exists an if-invariant volume form Q on Fl{H) = H/T since T is 
compact. Then, we see that an if-invariant hermitian inner product ( , )fi{h) on the 
space Vx* = H^{Fl{H), L_\) of sections is defined by 

{i^ui^2)Fl{H) = , J",.^^ / ^ {^i,^2)^X^- (4.1.4) 

volFl{H) Jfi{h) 

Hence, the representation p\* : H GL{V\*) becomes unitary. 

Let {cm ; m G Pa} be an orthonormal base of the hermitian space V\ consisting of 
weight vectors where Pa is an indexing set. We always take the weight A itself as the index 
for the highest weight vector. Denoting by (h)"^^ the matrix element {emi, P\{h)em2) of 
Px{h), we put 

^^{hB) = h-{h)^, (4.1.5) 

for each m G Pa- Then, m G Pa} forms a base of the space H^{Fl{H), L^x) of 

sections. It is also an orthogonal base with respect to the hermitian product ( , ) fi{h) '■ 

{^P"'\ij"'^)FliH) = -TtItTTTT / (^™SV^'"^)-A^^ 

volFl[H) Jfi{h) 
= ^ J^{^"''{hB),^^-{hB))_,dh 

^ JhjfihJ^'dh = — ^(5"^^'™^ , (4.1.6) 



voIHJh' ' dimVS 
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where dh is the Haar measure of H and we have used the theorem of Peter and Weyl in 
the last step. This orthogonahty formula ( |4.1.6| ) shall be used in the following argument. 



Gauge Invariant Local Fields and the Dressed Fields 

We specify the set of gauge invariant fields in the matter theory M. Recall that, in 
the theory M, there exists a one to one correspondence between local fields and states. 
The space of states is decomposed into a direct sum 

7^A^ = 0Lf ®Zf , (4.1.7) 

A 

of irreducible components of the left and right representations of the symmetry group 
of the theory. For example, if M is a free fermionic theory, = G'L^,es(H^^) where H^^ is 
the space of left moving one particle states and there is only one irreducible component. 
If M is the WZW model at level /c G N with simply-connected target group G, G 
is the loop group LGc and the sum ^ is over dominant weig hts A G For the 

matter theory M we are considering, the Kac-Moody algebra Lh(j is contained in the Lie 
algebra of the symmetry group G^^. We can decompose the space into irreducible 
representations of Lhc a la Goddard, Kent and Olive ||T^: 

= 0VA®i^f . (4.1.8) 

A 

where the space L\ x is the subspace of consisting of highest weight states of weight 
(A, — 2h'^) with respect to Lhc- Each non-zero element of La,a generates the integrable 
representation whose lowest energy subspace is identified with the unitary represen- 
tation V\ of a covering group H of H. 



Let an element $a of La,a ® L\^x correspond in the standard way to a field denoted 
by {0\)\. The J{Nq) x J[Nq) descendants of {Ox)\ form a (dim l^x)^-dimensional rep- 
resentation {(Oa)™ m,rh E Pa} of Hq x Hq : 

Jih,)J{h^XO,)l = {h*^)%\0>)t>{hL)t . (4.1.9) 

Note that Hq can act on this space hy h ^ J{h)J{h), where h G Hq represents h G Hq- 
We now recall that the gauge invariance condition for the local field O is stated as 
(see the equations in ( |1.1.8| )) 



^J{v) + J{v)jO = for veUe{H), (4.1.10) 
J{z''v)0 = J{z''v)0 = for G Lie(iJ) and n > 1 . (4.1.11) 



68 



By Schur's lemma, we can define a one to one correspondence between the gauge invariant 
local fields and the states in the subspace 



A,A 



(4.1.12) 



of Ti^ : The state $a chosen above corresponds to the gauge invariant field given by 

1 „ 1 



dim V\ 



-tr,0 



A 



dim V) 



m 



(4.1.13) 



where tr^ is the trace over the vector space V\. The dressed field is then given by 

1 , . ^ . 1 



-tlx iOxhh*] 



(4.1.14) 



dimVx ^ " dimVx 
where we recall that hO is the field insertion defined by hO{g) = 0{h~^gh*~^) (see the 



explanation of the eq. (|2.1.4| )). 

For example, if the matter M is the WZW model targetting G and if if = G/Zq, 
then we have La,a = 5a,aC. A generator of La,a ® -Z^a,a corresponds to trA (g^^) and the 
dressed field is given by trA (g^^hh*). 

Integral Expression of Gauge Invariant Fields 

We now express the dressed field ^.^ tix {Oxhh*) as an integral over the flag manifold 
Fl{H). We introduce a field valued differential form Qx{hh*) on Fl{H) of top degree 
defined by the following statement : At the point hiB G Fl{H) represented by hi G H, 
it is related to the if-invariant volume form VL by 

2 



(4.1.15) 



where b{hi ^h) G -B is the Borel-part of the Iwasawa decomposition Hq = B ■ H of 
hi^h G He- As shall be proved shortly, the following relation (R) holds true 



(R) £Un,,~ih,B = e^'{b{h^'h)) 



hiB 



(4.1.16) 



where £h-i denotes the left translation : Fl{H) Fl{H) defined by £h-ihiB 

h^^hiB. Then, we have 

2 



(i?;fiA(/^/^*)),-i.,^ = hi{Oxfx e\b{hi'h)) ■ 



(4.1.17) 



The Iwasawa decomposition h ^hi = Ub{hi ^h) ^ shows that we have a representative 

2 



17 G if of h~^hiB such that h-^hi{Ox)\ 



UiOxfx 



It then follows that 



i£inxihh*))^^ = huiOxTx^uB = hiOx)Ziu-'Uu)T^ 



UB 



(4.1.18) 
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which amounts to the following identity of top differential forms : 

rMhh*) = Ko>)Z{^^, ij^-x^ , (4.1.19) 

where ^™ is a holomorphic section of the hne bundle L_x over the flag manifold Fl{H) 
with the expression ( |4.1.5| ). Integrating this over Fl{H), we finally have the main result 
of this section : 

— ^L- - / nxihh"^) = -TT^tix {Oxhh*) , (4.1.20) 
\o\Fl[H) J Fi{H) dim 14 

where we have used the orthogonality formula ( [4.1.6|) . 

( Proof of the relation (R) ) Using the Iwasawa decomposition of hi^h, we see that 
to prove (R) is equivalent to prove the following relation for b & B : 



e~^P{b)'nB. (4.1.21) 



Since the (1, 0)-tangent space at the origin B of Fl{H) is isomorphic to Lie(ifc)/Li6-B, 
we have only to show that e~^''(6) is the coefficient of f\ e_a in the weight vector 

-aGA_ 

decomposition of /\ ad6(e_a)0 To show this, we introduce a total ordering < in the 

-o6A_ 

set A_ of negative roots such that 

if -a<-(3, -«^-/3 + A+. (4.1.22) 

It is easy to see that there exists such ordering. Then, the root vector decomposition of 
ad6(e_/3) does not involve e_a if —a < —(3. This completes the proof. 

The Flag Partner 

Suppose that the dressed gauge invariant field -^r^^ti\{P\hh*) is inserted into a cor- 
relator Z|°p(g, y4 ; ■ ■ ■) of the combined system of the matter theory M, the Hq/ H-WZW 
model and the adjoint ghost system. We assume that the background gauge field A is 
chosen to be fiat on a disc Dq around the insertion point x G S. If we choose a horizontal 
frame Sq on Dq, we can define the field-state correspondence and the inserted field may 



be expressed as an integral ( 4.1.20 ) over the flag manifold Fl{H). 

To get an intrinsic formula which does not refer to such choice of the frame, we 
introduce the flag manifold Px/T = Pqx/B of the fibre Px over x G S which is denoted 
by Fl{Px). Since the choice so{x) G Px determines an isomorphism 

Fl(H) Fl{Px) , (4.1.23) 



24 



We denote by ea a root vector corresponding to a € A. 
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by hB H-> so{x)hB, we find it more natural to think of Qx{hh*) a measure on Fl{Px) 
ratlier tlian a measure on Fl{H). It is rewritten as 

n,{hh*)f = {Ox)\if)\e'^''{bfih))\\ , (4.1.24) 

where / = sB G Fl{Px) is a flag over x represented by an i7-frame s G Px- The field 
(Oa)a(/) correspond to the state $a G -^^a,a ® -Z^a.a with respect to the horizontal frame 
that coincides with s G at x. bf{h) is the Borel part of the Iwasawa decomposition of 
the coefficient h'^ of h{x) = sh^. As it should be, we can check that these fields {0\)\{f) 
and bf{h) do not depend on the choice of the representative s G Pr of the flag /. The 
volume form Q on Fl{H) is sent by the map ( [4.1.23| ) to an adi^P^^-invariant volume form 
on Fl{Px) denoted again by VL. 

Making use of the ghost fields, we may further rewrite the measure VL\{hh*) in another 
form. Let us take an open subset Up of Fl{Px) which is coordinatized by complex param- 
eters We assume that there is a family {(yf}feUF of holomorphic sections 
of {PcOa) over the neighborhood Dq of x such that af{x)B = f. Then, the symbol 
{d(jf /df"')(Tj^ determines a holomorphic section Uaif) of (ad/^,^^) over Dq. Using the 
singular behavior ( |1 J^.3| ) of the product b{z)c{w) of ghosts as z ^ w, we obtain the 
following expression c3 for ^lx{hh*) on Up '■ 



|A+| 

^xihh*)f = n dYS bup{f)d)bup{f)Ox{f ) , (4.1.25) 

a 1 Jx Jx 



|A+| 

n 

/3=1 

where 0,{f) = {0,)\{f) \e'+'^{bf{h))\ J] c^c;" . (4.1.26) 

-a<0 

In the expression ( |4.1.26| ), c'" is the coefficient of the ghost c(x) = s ■ CaCl with respect to 



|2 



an if-frame s such that sB = f. Note that the product n-a<oC7"c7" does not depend 
on the choice of the representative s G Pr of the flag /. 

We call the field 0\{f) given in (|4.1.26| ) the flag partner oi the dressed invariant field 



-^r^^ti\{0\hh*). It is a local field in the combined system of the matter field theory 
M, the Hc/H-WZW model and the adjoint ghost system. It should be noted that it is 
defined only after a flag / over the insertion point x is specified. 

Remark. Though it plays less important role in this paper, we introduce a fermionic 
current 

Q = jfi^/Hc+^:JS^c:, (4.1.27) 



25 



Here and henceforth, we denote the normahzcd contour integral 



2kf by^. 
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where J*^, J^/^ and J^^ are the if-currents of the matter field theory M, the Hq/H- 
WZW model and the adjoint ghost system respectively. The product : J^^c: is defined by 
the point splitting regularization as in the equations ( |1.1.14| ), ( p.l.l4[ ), though this time 
we do not need to subtract any singular term. It is possible to see that the current Q is 
meromorphic as well as gauge invariant. The product of Q{z) with the dressed invariant 
field dim Va ^^-^ iO\hh*){w) or with the fiag partner 0\{f){w) is regular as 2; — w. 

In the literature , t-relative d = ^ § Q-cohomology groups are calculated by choos- 
ing suitable L/zc-^iodules for the Hc/H-pait to construct the cochain complex. They 
include as a non-trivial element, the state of the form 

\X)m ® I - a - 2p)h^/h ® n Co "|0)gh , (4.1.28) 

~a<0 

where |A)Af is a state in the matter theory M which is highest with weight (A, If — 2h^) 
with respect to Lhc, | — A — 2p)hc/h is a highset weight state with weight (—A — 2p, —hP) 
in a suitably chosen L/zc-niodule and |0)gh is the natural vacuum of the ghost sector. 
This state seems to correspond to the left moving part of our fiag partner Ox{f) where 
the fiag / is represented by a frame that determines the field-state correspondence. It 
should be emphasized however that, to calculate correlators using 0\{f), in general we 
must integrate over all fiags with suitable 6-ghost insertions. 

4.2 A New Integral Expression 

We combine the result of Chapter 3 and the result of the preceding section. 
The correlation function ( |3.0.1| ) is expressed as an integral over a certain space which is 
generically a fiag bundle over the moduli space of holomorphic i^c-bundles. 

Combination of the Results 

Let O be a gauge invariant field of the matter field theory M. We consider the 
correlation function Zs,p(g'; 00(x)) of O inserted at x G S and other gauge invariant 
fields O = Oi(xi) ■ ■ ■Os(xs) inserted elsewhere. The result of Chapter 3 states that the 
correlator is given by an integral of a measure f2|fp(g, 00{x)) over the moduli space Afp 
of holomorphic i^c-bundles of topological type Pq- If we choose a coordinatized open 
subset U with a holomorphic family {Au}ueu of representing gauge fields, the measure on 
U is given by 

n^[pig;OOix))u (4.2.1) 

= n g, ; d^'^^iFM) n KAc)Fi,ic) n(&, i^aiu)){b, p,(«))a o(x) , 

a=l ^ i=l a=l ' 
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where O and O are the dressed gauge invariant fields. We recall that Z'^^p{g, A ; (9) is the 
correlation function for the total system — the combined system of the matter system M, 
the He/ H-WZW model and the adjoint ghost system. 

If we use the result of the section 4.1 which expresses the dressed field O as an integral 
over the fiag manifold Fl{Px), we see that the following measure onU x Fl{Pj.) reproduces 
the above measure VL^p after the integration along each Fl{Px) : 

d^r |A+I / ds 

^M,p,Ag;00\uj) = n dTZ'^°^p(g,A^]S{FM)UFU^)FUc) (4.2.2) 

a=l a=l ^ i=l 

a=l a=l-^^- 

where 0{f) denotes the fiag partner of the dressed field 0{x). 

At this stage, however, it is not obvious whether this form Cl^p^ onUx F/(P^) extends 
to a well defined form on some fiag bundle over the moduli space Afp. 



Transformation Properties of the Form ^^p^ 



To find an answer to this question, let {A^u}ueu and {AawluGfy be two families of 
representatives that are related by 

An = Air , (4.2.3) 

through a family {h^^u\ueu of chiral gauge transformations. The groups S^u = Aut94.„ of 
symmetries are then related by S-^u = h'^liS^uhiiu- Hence, if {F-^u} is a family of residual 
gauge-fixing functions for {S-^u}, F^u{h) = F-^u{h~^Ji) determines a family {F^y} of residual 
gauge-fixing functions for the symmetries {S^u}- Correlators of the total system with the 
backgrounds A^u and A^u are related by 

Z'^^pIa,^ ; <F,„(/.))n F;„,,(c)F;„,,(c)an(fe; h)OU) ) (4.2.4) 

= z|?*pU„ ; <F,„(/^))nF;„,,(c)F;„,,(c)dn(/^.;i&/^.«; KJK:u)K^U)]. 

where n(^; ^) is any functional of the fields h and h. To derive this relation, we have used 
the fact that the chiral anomaly is absent in the total system : Utq + ry — + 2/i^ = 0. 
(See the equation (|3.3.3|) .) 

Making use of the Iwasawa decomposition of ]\^u{,x) E adjj^Pc with respect to the fiag 
/ G Fl{Px), it is possible to see that 

K.uOif) = 0{h,,uf) , (4.2.5) 
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where the action of Qj^. on the flag manifold Fl{Px) — {Pc)x/B is induced by the action 
on {Pc)x- Now, it is enough to note the relation 

= h-l^Af^\.u + Ba^IK^I^K:) , (4.2.6) 

to see that the form 0,^^p^^ on {l}xC/x Fl{Px) with the representative {Aj^u}ueu coincides 
with one on {2}xU xFl{Px) with the representative {A^y}u^U: under the identification 
of the two spaces given by 

{l,uJ)^{2,u,Kuf). (4.2.7) 

The Space Afp^ 

Let {Ui} be an open covering of the moduli space A/'p such that each Ui is endowed 
with a holomorphic family {A.u}ueUt of representing gauge flclds. If Ui and Uj intersect 
with each other, we can choose a family {h..u}ueUinUj of chiral gauge transformations such 
that Aju — A^u ■ 

If the symmetry group S^u — Aut^^.^ is trivial everywhere, the families [J{/«s^u} nec- 
essarily satisfy the triangle identities : 

Kuh^^u = h..u , for M e t/i n Uj n Uk . (4.2.8) 

Fl{P:r) 

Hence we can define the flag bundle Mp.j. ^ Mp by identifying (i, -u, /) G {i}xf/jX Fl{Px) 

and {j,u,h_..uf) G {j} x f/j- x F/(P^) if u E Ui H Uj. Then, ^^^p^^ extends to a measure 
^¥,p,x fl^S bundle A/'p^, and we have 

Z^,p{g;00{x)) = / ^^,P,xig;00) . (4.2.9) 

If the symmetry groups S^u are non-trivial and act non-trivially on the fiag manifold 
Fl{Px), the situation is subtle. It may be possible that any choice of families Liij{h.ju} 
does not satisfy the triangle identities and even if there exists a good choice, it is highly 
non-canonical. 

To avoid such subtlety, we shall perform the integration along each 5'u-orbit, expecting 
to obtain a well-defined measure on the space of S^-orbits. However, the group S^u is 
generically non-compact and each quotient S\FI(Px) is not even Hausdorff. We now 
argue that we can select out certain orbits with good quotients. An orbit through the 
fiag / is the homogeneous space Su/S^j where S^j is the group of symmetries of 
that fix the fiag /. Since the upper semi-continuity theorem for dimS'„j is expected 
to hold, it may be possible to find an open dense subset S'^'^'^F^ of Fl[Px) consisting of 
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Su-orbits of maximum dimensions. In the integration along S^-orbits in Fl{Px), we have 
only to take into account the contribution of the subset S!^'^''Fx, unless the form fi^p^ 
has distributional supports in the complement Fl{Px) — S^'^'^F^. Expecting the quotient 

S^S^^^'Fx or the family |J of quotients to be a good space (such as manifold 

ueu 

or orbifold), we introduce the space 

■^p,. = (U U X X SM^F^ / ~ , (4.2.10) 

where the equivalence relation is given by (i,M, [/]) ~ (j? "W; [^jin/]) for m G t/j fl Uy 
Then, we expect that the integration of fi^p^ along each Su orbit becomes a well-defined 
measure fi^^p^r^ on the space Ap.;,. This shall be established shortly. 

Note that the space Ap^p can be considered as a subset of Ap Xg^^ Fl{Px), where 
the group Qp^, acts holomorphically on the product space Ap x Fl{Px) by {{A,f),h) 
{A^, h~^f). As we shall see in the next section, this space can be identified with a moduli 
space of certain holomorphic objects — holomorphic ifc-bundles with flag structure at 
one point x. 

Assumption of the Existence of Holomorphic Family 



To pave the way to find a new expression for the integral (|3.0.1|) , we study local 
properties of the space Ap^. 

First, we introduce notations. Recall that dj^ and ds denote the dimensions of the 
moduli space Ap and the symmetry group Su for u G Ap respectively. We denote 
by dsf the dimension of the symmetry group Suj where the pair {Au, f) represents an 
element of A/'p .j.. Then, the expected dimension d^ of the space A/'p .j. is given hj d^ = 
d^f + |A+| -ds + dsj. 

We assume without proof that the following holds : For a generic point vq G A/'p^,, 
we can find a coordinatized neighborhood V of vq in Mp^ in such a way that there is 
a family { (A^, /^) G Ap x Fl{Px) }v&v of representatives depending holomorphically on 
the coordinates v^, - ■ ■ ,v'^^f . We take a family of holomorphic trivializations o"o(f) over 
a neighborhood Uq of x such that aQ{v,x)B = f^. We also take a family o"oo(f) of 
holomorphic trivializations over the open subset Uoo = S — {a;}. We take such families 
(To(t') and o"oo(f ) of trivializations so that the transition function h^Q{v) defined by ^^{v) = 
o'oo{v)hooo{v) depends holomorphically on the coordinates v^. 

We choose a coordinate system v^, - ■ ■ , v'^^f on V in such a way that the last {d^. —dj^)- 
tuples of coordinates v'^^~^°' = v'^^'^^ , v'^'^^f deform only flags, that is, da^o {v) / dv'^^^"' = 
0. Then, we see that the section z/a(t>) = (j)ao{v) /dv'^^~^°'^ao{v)~^ of adi^ defined on Uq 
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is expressed as 

Q 

Va{v) = aQ{v) ■ hooo (^) g^du+a ■ (4.2.11) 

Let us choose trivializations Sq a-nd Soo of -P|(7o ^^'^ P\uoo respectively that do not 
depend on v. We introduce the functions ho{v) and hoo{v) that relate the sections cro{v), 
So of Pcluo by cro(t') = So^o(^')~^ and the sections a^, of Pclt/oo by cr^{v) = 500/100(1^)"^ 
respectively. Since the connection is represented by Ba^sq — so • ho{v)~^dho{v) on Uo 
and by Ba^Soo — Soo • hoo{v)~^dhoo{v) on C/qo, the deformation of for the variation of v 
is expressed as 



54°'^) = dA^{.so-ho{v)-HhAv)) onUo (4.2.12) 
= dA^(soo ■ hoo{v)~^Shoo{v)^ onC/oo- (4.2.13) 

Hence, if & is a section of X (8) adJfc which is holomorphic with respect to Ba^ on the 
supports of So • ho{v)''^5hQ{v) and Soo • hoo{v)~^Shoo{v) , we have 

J_/6M(°'^) = J-j;b(so-ho{v)-'6ho{v)-s^-h^{v)-'6h^{v)) (4.2.14) 
= / 6(To(v) • h^Q{y)-^8h^Q{y) , (4.2.15) 



27ri 

where the contour encircles the point x. 
The New Integral Expression 

We shall obtain a measure ^M,p,xiS'j^ O) by integrating the form il^p .j. along each 
y^u-orbit in Fl{Px) that corresponds to a point in A/'p.,.. 

We start with the coordinatization. We take a holomorphic family { {A^, f^) }vev on 
an open set V in Hp^^ which is coordinatized as in the above argument. We denote by 
v_ the first d^-tuples of v : v_ — {v^, - ■ ■ ,v'^-'^). We may think that the connection A^ 
depends only on v and hence we write the symmetry groups and the residual gauge-fixing 
functions by 5"^ = Aut^^^ and F^. We may as well assume that we can find a submanifold 
% of Sjj_ that is projected diffeomerphically onto Sy/Syj^ for every v eV. (If it does not 
exist, we take some open covering {Vi} of UySy/S^j^ and argue in the same way on each 
Vi.) We choose a local coordinate t^, • • • , t'^^^'^^f on an open set in %. 

The measure ^M,p,x then expressed as 

dMf ds-dsf d,s _ 

^^?p,.( o o)(.,.,/.) = n d'v^ n ^gy g, a ]s{FyM)UFUc)FU^) (4.2.16) 

A=l i=l ^ i=l 



X 



A=l i=l 
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where z^a(^) and i4{v, t) are the holomorphic sections of (adi^, Oa^) on the subset Uq H Uoo 
defined by 

d 

= (^o{v) ■ hooo{v)~'^—hooo{v) , (4.2.17) 

u,{v,t) = {-^h,)h-\ (4.2.18) 

The absence of chiral anomaly shows that the above measure ^Yl,p,xi.S'^ OO) at (A^, hj^) 
is expressed as 

dUf ds-ds^ 

n rfvn dY g, ^ ;^(F^(/^,/.))n^:,,^,(v/.-i)F;,^,(/.r^c/.:) (4.2.19) 



A=l i=l ^ i=l 

dAfj ds-dsj 

X 



Y[(fbu^{v)(fbu^{v) n Shthh-^u,{vMh*-^hhlu,{v,t)dO{U) 

, _lJ X Jx J 1 Jx Jx 



At this stage, we change the order of the integrations : We consider the field h G Q^. 
to be fixed and first integrate over %. For each h G Qp^., let hy{h) be the unique element 
of such that Fj^hjyh)h) = 0. We denote by ho^h) the unique element of % which lies 
in hJJi)S^j^. We choose a neighborhood Ut of /lo(^) in and reparametrize the image 
C''^ of the function Fy_ in such a way that the foUowings hold : 

(i) If h' G ho{h)S^j^ satisfies Fl{h'h) = ■■■ = F^'' {h'h) = 0, then h' = K{h). 

ill) For each h" G f/r, Ki^''^ , ■ " " ? -^^'^ are constant along h"Syj^h. 
Roughly speaking, F^ for 1 < i < dg^ varies in the direction of S^jj^ -orbit and F^ for 
dsf < j ^ ds varies in the direction of 7^ = S^/S^j^- The first condition (i) shows that 
the functions F^{h) = F^{hQ{h)h) for 1 < i < ds^ play the role of residual gauge- fixing 
functions for the symmetry groups S^j^. 

If we integrate over Ur, we see that the delta function serves the factor 

-2 

6^^'''f\F,{h)) . (4.2.20) 



det( ^F;y\h,h) 



At the same time, we deform the contours of the integrals S bh, ^-^ht, then, the field 

^ Jx * dP 

b meets the c-insertions F^ f^^j^(htch^^) . The contour integrals around these c-insertions 
serve a determinant factor that cancels with the determinant in the formula ( [4.2.20|) . 
Thus we have reached to the following measure on V : 

Q^'{g;00), (4.2.21) 



d^r^. dsj, djsfj 



Jldh-Z'°^Jg,A,]5{Fy{h))X{Fl^{c)Fl^^^ 

A=l ^ i=l A=l"^^ ''^ 
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We can check that this expression is independent on the choice of the holomorphic family 
{ {Ay, fy) }vev- This shows that the form f^s^p^( g; O O) extends to a well-defined measure 
on the space ATp^. We have thus obtained the new integral expression for the correlation 
function : 

Zs,p(g;00(x))= / ^]gp,,(g;00). (4.2.22) 

4.3 The Moduli Space Of Holomorphic Principal Bundles 
With Flag Structure — Examples 

As has been noticed in the preceding section, the space Ap^j. introduced in the 
course of finding the expression (|4.2.22| ) is a subset of the set ApXgp^Fl^P^) of ^Pj, -orbits 
in the product space ApxFl{Px). This set ApXgp^Fl{Px) can naturally be identified with 
the set of isomorphism classes of certain holomorphic objects — holomorphic -f/c-bundles 
with quasi- flag structure at one point. Using this fact, we give an explicit description of 
the space A/'p^. for some simple cases. 

Holomorphic ifc-Bundles with Quasi-Flag Structure 

We fix a maximal torus T of H and a chambre C and we denote by B the corresponding 
Borel subgroup of Hq- For a holomorphic Hc-hund\e V over E, a choice of flag / G Vx/ B 
at X G E is called a quasi- flag structure of V at Two holomorphic i^c-bundles with 

quasi-fiag structure at x say (Vi, fi) and ("^25/2) are said to be isomorphic when there 
is an isomorphism Vi — > V2 of holomorphic i^c-bundles which sends the flag /i to /2. 
Notice that the set of isomorphism classes of quasi-fiag structures of a holomorphic Hq- 
bundle P at x is given by the set AutV\Vx/B where AutP is the group of automorphisms 
of V. In the rest of the paper, we shall abbreviate the term 'quasi-'. 

As in the case without flags, for a principal if-bundle P, the set Ap Xgp^Fl^P^) of 

-orbits in the space ApxFl{Px) can naturally be identified with the set of isomorphism 
classes of holomorphic i^c-bundles of topological type Pc with quasi-fiag structure at x. 

A method is given to characterize a holomorphic i^c-bundle with flag structure that 
represents a class identified with an element of ATp^. For a holomorphic iJc-bundle 

V with flag structure / at x, we denote by Aut('P, /) the group of automorphisms of 

V that preserve the flag /. Then, (V, f) represents a class that is identified with an 
element of Afp^ if and only if V represents a class identified with an element of Afp and 
dim Aut(P, /) < dim Aut(P, /') for other choices /' of flags. 
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On the Sphere 

We classify the holomorphic principal bundles over the complex projective line 
with quasi-flag structure at one point. We follow the notation of section 3.1. 

We start with the example in which H = SU{n)/Zn or Hq = PSL{n, C). We choose 
the Borel subgroup B = Bq that is represented by the set of upper triangular matrices. 
Recall that the holomorphic ifc-bundles on are classified using the Birkhoff factoriza- 
tion theorem. A detailed statement of the same theorem also classifies the holomorphic 
i^C-bundles with flag structure at, say, z = 0. Let (V, f) be a holomorphic i^c-bundle 
with a flag / at z = 0. Let ctq be a frame on the z-plane Uq such that (To(O)-B = /, and let 
(Too be a frame on the w-plane Uoo- These are related by the transition rule = o"oo/iooo 
where /looo is represented by a multivalued holomorphic map from Uq fl Uoo to SL{n, C). 
The theorem states that there is a unique element a G such that 

hooo{z) = b.{z)z-%+{z)-\ (4.3.1) 

where 6_ extends to a map from Uoo and 6+ extends to a map from Uq such that &+(0) G B. 
Thus, the set of isomorphism classes of holomorphic i^c-bundles with quasi-fiag structure 
at 2; = is identified with the discrete set P"^. For each a G P"^, we denote by Va the 
pair {V[a], fa) of an _f/c-bundle V[a] with the transition rule a^""^ = a^^z~"- and a flag 
= 4"^(0)5 atz = 0. 

Now let us calculate the dimension of the symmetry group AvXVa C A\iiV[a]- Recall 
that an element h of KntV[a] is represented with respect to the frame af^ by an SL{n, C)- 
valued function of z whose i-j-th entry {hQjj{z) is a span of 1, z, ■ ■ ■ , z°'^~"'^ if > aj and 
zero if < a^. This element h belongs to AutPa if /io(0) G -B, that is, if (/io)j(0) = for 
i > j. Thus, we see that the dimension is given by 

dimAutPa = dimAutP[a] - 1 = n - 1 + ^ ( ja^ - a^ l + Oa^^a,) , (4.3.2) 

where d^^y = if x < y and O^^y = 1 if x > y. An element a G P^ minimizes this value 
in its permutation class if and only if the entries satisfy cti < 02 < ■ ■ ■ < That is, 
dimAutPa < dimAutP^a for any w e W = <^=^ a G P^ n (-C). 

Remember that there is a smooth 5'f/(n)/Z„-bundle P^^^ for each j G j7o such that 
A/'p(j) is one point {P^^^]}. By the above statement of the Birkhoff theorem, the set of 
distinct flag structures on V\pj] is identified with the Weyl orbit Wfij. Let n^^wo denote 
the matrix given by 

(,°_/j)(-l)^. (4^3^3) 
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which represents the element WjWo of W. In the above expression, Ij denotes the j x j 
identity matrix. Since a = s.dn~^^^fj,j = {wjWo)~^fij satisfies ai < • • • < a„, it is the 
unique element in the orbit Wfij that minimizes the dimension of the symmetry group 
AntVa- Hence J\fp(j) ^ consists of one point which is represented by Vj — [Vinj], fj) where 
V\p.] is an i^c-bundle with the transition rule 

CToiz) = (Joo{z)z~^^ny,.y,o , (4.3.4) 

and fj is the flag ao{0)B. 

For general centerless simple group H, the story is essentially the same. We choose 
a maximal torus T and a chambre C (see Appendix 2 for notations). The corresponding 
Borel subgroup is denoted by B. Isomorphism classes of holomorphic ifc-bundles with 
flag structure at ^ = are indexed by the lattice : Each a G P"^ indexes an isomorphism 
class represented by Va = [Via] , fa) where V[a] is an i^c-bundle with the transition rule 
(Jo"'* = (7^^2;~" and /„ is the flag aQ"'\o)B at 2; = 0. The dimension of the group AutT^a of 
automorphisms is given by 

dim AutVa = l + T.{ I + ^"(a),o ) , (4.3.5) 

a>0 

which is minimized, within each Weyl orbit, by a unique element in — C. For each j & ^0, 
J^pU) X consists of one point which is represented by Vj = iV[^.],fj) where V[^.] is an 
i^C-bundle with the transition rule 

aQ{z) = (Too{z)z~^^ny,.y,^ , (4.3.6) 

and fj is the flag (Jo(O)S. In the above, riyj.yjQ is an element of Nt that represents the 
element WjWQ G W. 

On Torus with H = SO (3) 

We next consider the case in which E is the torus and the gauge group H is SO {3). 
This time, we realize the torus by C*/ q'^ where q'^ is the subgroup of C* generated by 
q — e^'^*'^. This is obtained by the previous realization C/(Z+tZ) through the exponential 
map C H- >■ ^ = e~^'^^'^. 

First, we describe several holomorphic PSL{2, C)-bundles over the torus S,-. 

We recall that a flat 5*0 (3) connection on the trivial bundle is represented by the 
holonomies a = e^'^'^'^"^ and h = e^'^*^'^^ where (T3 is one of the Pauli's matrices. The 
corresponding holomorphic PSL[2, C)-bundle is obtained by identifying the points in 
C X PSL{2,C) in the following way : {C,g) = {( + l,a"V) = (C + r,b-^g). If we 
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introduce a frame al^\z) = (C,e 27rj0Co-3^ which is single valued along the closed loop 
C ^ C + 1, this bundle denoted by V^^ is described by the transition rule : 

(zq) = (z)e-^™ , ^ = V - t0 . (4.3.7) 

Recall that Vi^^ and V^^ are isomorphic if and only if u' = ±u modulo + |Z. 

In the similar way, the holomorphic PSL{2, C)-bundle corresponding to the unique 
fiat 5'0(3)-bundle of non-trivial topology is described by the transition rule 

4"M = 4"w(_,tj 'T*). (4.3.8) 

and is denoted by Vp\ 

There is a topologically trivial semi-stable PSL{2, C)-bundle Vqq which does not come 
from a flat 5'0(3)-connection. It is described by the transition rule 

<^S?(^?)=4?(^)(J })• (4.3.9) 

This is not isomorphic but is equivalent to Vq^^ ( "Poo"* ~ Vq^^ ; see the footnote in the 
section 3.1). In fact, U {P^^} is the set of all semi-stable PSL[2, C) -bundles with 

trivial topology. 

Finally, there is a parametrized family {V^^ } of topologically non-trivial holomorphic 
PSL(2, C)-bundles. The bundle is described by the transition rule 

a^^\zq) = (7^i)(^)e2'^^(«+i)<^3^-5<^3 _ (4.3.10) 

It is not even semi-stable. Vj^^ and V^^ are isomorphic if and only if u' = u modulo 
|Z -|- |Z. Of course there are many holomorphic bundles of other types, though we do 
not list them up. 

For every holomorphic i^c-bundle V described by the transition rule a{zq) — a{z)hq{z), 
an automorphism of V is given by a holomorphic map h : C* ^ Hq such that a{zq)h{zq) — 
a(z)h(z)hq(z) or h(zq) — hq(z)'~^h(z)hq(z). We list below the group AutT'i^^ of automor- 
phisms of the bundle vi^^ given above. The typical elements of the automorphism groups 
are represented with respect to the frames cri^^ : 



1 T 1 + T 

4' 4' 4 



C* ^°,), ceC*, if«^ 0, 

PSL{2, C) he PSL{2, C) , ifu = 

c \ f c\ (4.3.11) 



(.0 Uc- Oj'^^^*' ^^^"^ 
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AutP, 



00 



■ C 

Z2 X Z2 



AntvP 



Q -j^ ), a; G C, 



1 0\ 
ij' VO -i 
c 



i 

1 



-1 

1 



ceC\xeC 



(4.3.12) 
(4.3.13) 
(4.3.14) 



where -^r u is the theta function given by A,uiz) = ^{t, C+2m+^).S Note that ?9,,„(1) = 
if and only if m = 0. 

We next consider the flag structures on these bundles v'f' at the point z = 1. A flag 
at z = 1 is identified with a ray in the vector space by the following map : 



'Xi 


GPi= ( 







G = (C^ - {0})/c* ^ ""^^B G [vf'XjB, (4.3.15) 

where the matrix in the right hand side is made unimodular by choosing suitable numbers 



3^3 



and X4. It should be recalled that {v 



(^) 



^2 



is isomorphic to {V^^ , 



Xi 
X2 



if 



h{z) represents an automorphism ai'^\z) t-^ a^\z)h{z) of vi'^\ Having these in mind we 
obtain the following list of the flag structures at 2; = 1 on the PSL{2, C) bundles V^^ : 



On topologically trivial semi-stable bundles we have 



-p(o) 
-p(o) 
-p(o) 



Aut = {1}, 
Aut = C*, 
Aut = C*, 



-p(o) 
-p(o) 



, Aut = Z2, 
, Aut = C*, 



' 00 ) 



-p{0) 
' 00 ) 



-p(o) 

' ) 



Aut = {1}, 
Aut = C, 



Aut = B^. 



(4.3.16) 

On the topologically non-trivial semi-stable bundle coming from the flat 5'0(3)-bundle, 
we have 



' F i 



Aut 



{1} ify^O,l,^, 
Z2 ify = 0, l,z, 



(4.3.17) 



where the flag structures 



and 



are isomorphic to each other if and only ii y' = y, 



that is, y' coincides with one of y, —y, y ^ or —y ^. 

^®z?(t, C) is the Riemann's theta function defined by i9(t, (') = X]„gZ where q 



and 
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' u ' 



On the one parameter family of topologically non-trivial non semi-stable bundles, we have 
if ^ 0, 

1 




1 











T 

.1. 


Aut 


= C*, 


and ii u = 0, < 




■1" 

.0. 


Aut 








■Q" 
.1. 



Aut = 


c, 


Aut = 




Aut = 


Bo 



i-u J -j^ yi — 

(4.3.18) 

In the above expressions, each "Aut" denotes the automorphism group of the corresonding 
holomorphic bundle with flag structure. 

Recall that the moduh space Af^y-iy for the topologically trivial bundle is represented 
by the family {V^^^^^ o^^^z^ktL of PSL{2, C)-bundles and the moduh space A/'non-triv 
the topologically non-trivial bundle is one point {Vp^}. By looking at the dimensions of 
the symmetry group of the flag structures listed above, we see that 



non— triv.a: 



ir?(0) 
' u 1 



i z Z+1 



2/6C 



C/(|Z + |Z) xZs - {4-points}(4.3.19) 
Z2XZ2)\P^ (4.3.20) 



4' 4' ~ \ ' 00 ) 



>{0) 



If A/'triv .J is compactified by attaching the points [V^^ 
then we see that the compactified moduli space A/^hvr coinsides topologically with the 
moduli space A/"non_tj.iv,a; — S"^- Moreover, it seems that the families of automorphism 
groups coincide with each other : Generically there is no non-trivial symmetry, but there 
are three points with Aut = Z2. In the next section, we shall see that this is not an 
accident by constructing a natural bijection between A^J^ and A/"non-triv,a;- ■'■^ i^ci, this 
is an essential step to observe the field identifications. 



4.4 The Hecke Correspondence 

Let us remind ourselves of the action of the fundamental group 7ii{H) on the set 
of isomorphism classes of topological if-bundles over a surface E. 

Let P be a principal if-bundle over S. We take a trivialization sq of P on a disc Dq 
in E and denote by s the triviahzation restricted to the boundary 5" = dDo. Let us take 
a closed loop 7 : 5" — > if. Deleting from P the restriction P\d° over the interior of the 
disc Dq, we attach the trivial bundle Dq x H to the rest P — Pl^o by the identification 

s',{z) ^ s{z)j{z) z e S, (4.4.1) 
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where Sg is a trivialization of Dq x H. The topological type of the resulting principal 
i^-bundle P7 depends only on the topological type of P and the homotopy type of 7. 
This operation determines the action of tti {H) , since the set of homotopy types of maps 
S ^ H is identified with the group 7ii{H) under an arbitrary orientation preserving 
parametrization [0, 1] — > S. In view of the fact that P — P\d^ is trivializable, it is easy to 
see that this action is free and transitive. 

As a last step to derive the field identification, we show that this action lifts to an action 
on the set of isomorphism classes of holomorphic i^c-bundles with quasi-flag structure at 
one point. Namely, for topologically distinct if-bundles P and P', we find a way to 
identify the sets ApXg^ Fl{Px) and Ap/ Xg ,Fl{P'^). We also argue that, under this 
identification, the moduli spaces Ap.,. and Ap/ have a chance to correspond essentially 
to each other. This is presened as a conjecture and is verified in several examples. 

The Lift in the Abelian Case 

We choose and fix a neighborhood Uq of a point x in E provided with a complex 
coordinate z such that z{x) — 0. 

First, we recall the situation in the abehan case H — C/(l), t^iH — Z. In this case, 
we can find a hft of the action of ni{H) to an action on the set of isomorphism classes of 
holomorphic C*-bundles without reference to any additional structure such as flag. For 
each a e Z, 'tensoring by induces an isomorphism of PiCdE onto PiCd+a^, where 

PiCciS is the moduli space of holomorphic C*-bundles over E of winding number ci e Z. 
It is given in the following way. 

Let be a holomorphic C*-bundle of winding number ci. We take a (holomorphic) 
trivialization (Jq oiV\uo ^-nd denote by a the restriction of (Tq to the open set Uo — {x}. By 
a surgery of V, we construct another C*-bundle V' of winding nimber ci + a. We delete 
from V the fibre Vx over x and attach the trivial bundle Uq x C* to the rest V — Vx hy 
the following identification : 

a'oiz) < — > a{z)z-'' z e Uo - {x}, (4.4.2) 

where ctq is a trivialization of Uo x C*. Then, the resulting space V' can be given a 
structure of holomorphic C*-bundle. The isomorphism class of the bundle V' does not 
depend on the choice of the trivialization ctq used in the construction nor on the choice of 
the coordinate z : Uq ^ C Moreover, two isomorphic bundles Vi = V2 are mapped to two 
isomorphic bundles V[ =7^2- Since any holomorphic family {Vt} is obviously mapped to 
another holomorphic family {V^}, we have obtained an isomorphism PiCcjE PiCc^+oE 
giving rise to the action of 7ri[/(l) = Z on PicE. 
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The Lift for Simple Groups 

Now we consider the case in which H is simple and centerless. We use the notations 
introduced in the Appendix 2. 

We choose and fix a maximal torus T of H and a chambre C. Recall that the funda- 
mental group T^i{H) is isomorphic to the center P^/Q^ of the universal covering group 
H. The group P^/Q^ is in turn isomorphic to the subgroup Fg of the affine Weyl group 
of LH consisting of elements that preserve the alcove C. If an element 7 of Fg is 
represented by a loop e*^ 1— > 7(e*^), the holomorphic extention : Uq — {x} Hq satis- 
fies the following : \i h : Uq He is a holomorphic map such that h{x) & B = Bq , the 
map h^bh^^ : Uq — Hq extends to a holomorphic map from Uq to Hq whose value 

at X belongs to B. It may be recalled that is expressed as h-y{z) = z~'^^nu,jwo ^or some 
j e jTo where riw^wo ^ Nt represents the element WjWq G W. 

For a holomorphic i^c-bundle V over E with flag structure / at x, a trivialization ctq 
of V over a neighborhood of x is said to be admissible with resect to f or simply admissible 
when the value (Tq{x) at x represents the flag /, that is, when / = aQ{x)B. 

Let 7 be an element of Fg and let h^/{z) be the holomorphic extention of a represen- 
tative loop of 7. A choice of admissible trivialization (Tq of {V, f ) over the coordinate 
neighborhood Uq determines the following surgery of V which gives another holomorphic 
iJc-bundle over S with flag structure at x. We delete the flbre Vx over x from V and 
attach the trivial bundle Uq x Hq to the rest V — Vx hy the identification 

a'oiz) < — >a{z)h^{z) z E Uq - {x} , (4.4.3) 

where ctq is a trivialization of Uq x Hq and a denotes the restriction of ctq to the open set 
Uq — {x}. Then, the resulting space can be given a structure of a holomorphic i^c-bundle 
denoted by V. We can also give V' a flag structure /' at x by saying that the trivialization 
(7q is admissible. We call this operation the j-surgery with respect to ctq or simply 7- 

surgery. Another choice of admissible trivialization ao determines another 7-surgcry of 
V which gives a bundle (P', /') isomorphic to (V', /'): If do is related to ctq by ctq = o"o6 
through a holomorphic map b : Uq ^ Hq with b{x) G B, an isomorphism {V\ /') 
iV' 1 f) is defined by ctq a'^h'^bhy over Uq and id : V\-e-{x} 'P\-e-{x} over S — {x}. 
Moreover, 7-surgeries of isomorphic bundles with isomorphic flag srtucture {Vi, fi) = 
(^2, lead also to isomorphic bundles with isomorphic flag structure f[) = {V2,' f^) 
: If an isomorphism /i2i : {Vi, fi) ("^27/2) is represented over Uq by cTjo — >■ 020(^21)0 
with respect to admissible trivializations, (/i2i)o '■ Uq Hq is a holomorphic map with 
{h2i)o{x) G -B. Therefore, an isomorphism h'21 : {V[, fi) {^2: f^) is deflned by the 
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map ct'q (y'^Qh~^{h2i)Qh^ over Uq and by /i2i|s-{x} over S — {x}. Thus, we see that the 
7-surgery induces the transformation {(P, /)} — > {(^')/')} = {{^^f)}lx of the set of 
isomorphism classes of holomorphic //c-bundles with flag structure at x. It is easy to see 
that this transformation is uniquely determined by 7 and x. 

Since these transformations {73; ; 7 G Fg} apparently preserve the composition law 
of the group Fg, they determine an action of Fg on the set of holomorphic -f/c-bundles 
with flag structure at x. As is obvious by the construction, this is a lift of the action of 
TTi{H) = Fg on the set of isomorphism classes of topological if-bundles. In other words, 
7a; maps the set ApXgp^Fl{Px) bijectively onto the set Ap-yXgp^Fl{{P'y)x). 

The Conjecture 

One important property of the map 7a; is that it preserves the automorphism groups. 
Namely, if the bundle {V, /') is obtained by the 7-surgery of the bundle (V, /), Aut(V, f) 
is isomorphic to Aut(P', /'). This can be seen by putting (Vi, fi) = (V2, f2) in the 
preceding argument on the isomorphisms. 

Recall that an element of the moduli space N'px is identified with an isomorphism 
class represented by a holomorphic i^C'bundle V with flag structure / at x that satisfies 
the following conditions : V represents a class identified with an element of Afp and 
dim Aut(P, /) < dim Aut('P, /) for every flag / at x. 

Having these in mind, we make the following conjecture : There is a method to com- 
pactify the moduli space Mp^ by attaching suitable points of ApXgp^Fl{Px) in such a way 
that for each 7 G Fg, the compactified moduli space Afp^ is mapped isomorphically onto 
another space Afp^^^ by 7^ . If this holds true, we have the following double fibration 



/ \ (4.4.4) 

Wp ATf^ 

where the projections correspond to 'forgetting the flags'. This seems to be what mathe- 



maticians call the Hecke correspondence. P9 
Examples on the Sphere 

We consider the case in which H is simple. Recall that the set of isomorphism classes 
of the holomorphic //c-bundles over complex projective line with flag structure at 
z = is indexed by the lattice P"^. The bundle with flag structure Va indexed by a G 
P"^ is described by the transition rule aQ"'\z) = aj^''{z)z~^ where a^""^ is an admissible 
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trivialization over the z-plane. The bundle V'^ obtained by the 7j-surgerycll of Va with 
respect to ctq'*^ is then described by the transition relation ctq'*^ = a^''' z~'^z~^^nuj.wg of an 
admissible trivialization ctq"'* and a trivialization a^^' over — {0}. This shows that the 
action of Fg on the set of isomorphism classes is represented by the action 

(a, 7j) ^^ {wjWo)~''^{a + fXj) , (4.4.5) 

on the indexing set P^. 

As we have seen in the preceding section, the moduli space N'p(j) ^ is one point. The 
unique element is represented by the bundle Vj = V(wjwo)-'^fMj that is described by the 
transition relation cro{z) = o"oo(-2)-2~^^^«)j«)o of ^in admissible section o"o on the z-plane and 
a section cxoo on the w-plane. Hence we see that the 7j-surgery induces the following map 

^fp,^,.^Ki^,,,, (4.4.6) 
where 7^/ = jijj. Thus, the conjecture holds on the sphere. 

Example with S = Torus and H = 5*0(3) 

For H = 5*0(3), we know that there is only one non-trivial element 71 in Fg = Z2 
which is represented by a path 

7i(^^) = e-^^W ; n = (° "J), (4.4.7) 

in SU{2). We apply the 71-surgery to the topologically trivial semi-stable bundles with 
flag structure at z = 1 that are listed in (|4.3.16| ) and we argue whether the conjecture 
holds true. 

A PSL(2, C)-bundle V^^^ in the list ( |4.3.16| ) is described by the transition rule of the 



form cr{zq) = cr{z)hq{z), and a flag is realized by a ray 



in C^. If we choose a matrix 



Xi 

hf G SL{2, C) such that {hf)\ = xi and {hf)\ = X2, then, ao{z) = (r{z)hf is an admissible 
trivialization on a neighborhood Uq oi z = \. Hence, the 71-surgery of with respect 
to (Jo leads to a bundle V^^^ with an admissible trivialization ctq on Uq and a trivialization 
cr on C* — that are related by 

a'Q{z) = a{z)hf{z-l)-^'''n, z e Uq - {z = 1} , (4.4.8) 
a{zq) = a{z)hg{z), z ^ . (4.4.9) 



^""We denote by jj the element of represented by the loop ^j{0) = e ^^^^n. 



Wj Wq • 
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If we could find PSL{2, C)-valued functions x on C* — and h'^ on C* sucli that 




n 



' ' ' (4.4.10) 



{z — l)2'^^/i^ xiz) is regular as z 



then, a' given by (y'{z) = a{z)x{z) determines a multivalued section of T"-^-* satisfying 
a'{zq) = a'{z)h'g{z). The flag at 2 = 1 is given by /' = a'{l)x{iy^B. 

The conservation Aut(V^^\ f) = Aut{V^^\ f) of symmetry groups under 71-surgery 
enables us to guess the form of h'^^z) by looking at the lists (^4.3.17|) and ( |4.3.18| ) of topo- 



logically non-trivial holomorphic bundles with flag structure at z = 1. After a calculation, 
we find the solution listed below. Each arrow —>■ signifies the 71-surgery and x indicates 
how the regular multivalued section a' is related to the old singular (multivalued) section 
a : 



If M ^ 
1 



-p(o) 



1 



^(0) 

' 00 5 



-p(o) 



-p(o) 

'II 1 



-p(o) 

' 00 ) 



V?, 



1 ■ 

Ru{l)Ru{z) 
■Ru{l)R-u{z) 



7?(2r, 2n 



-le 



^?(2r, 2m) ' 
2™g-ii?„„(l)i?„_x(z) 



Ru{z) 



' F 5 



?9(2r, C + 2u + r) 



T+l\ \ 2 



q~-^Ru{l)R-u-^{z)J 

R^{z) = {z-lf^R^{z). 



(4.4.11) 



1 

2/0 



R^{z)F{z) iq-\R.r_{z)G{z 
, Rq{z) iq-^R-i.{z) 



F{z) = 2z§-Jog§{2TX + r) 



' U 1 



p(l) 



' ) 



/ G(^) = 2zJ^log^(2r,C). 
x(^)=n(^(r,C + ^; ' 



- 1 



(4.4.12) 



-r+l\\ 2 



X(z)= i9(r,C + ^ 



(4.4.13) 



c(z)iJ(;^) 
c(z) 



-c(z)-^ c(z) = (^(r,C + ^; 

° ^ if(^) = ^^log^(r,C + ^). 
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The most important point to notice is that the compactified moduh space J\f^^i^ whose 



elements are represented by < ( V^'^ 



and ( V^o\ 



is mapped bijectively to the 



(compact) moduh space J^non-tiiv x whose elements are represented by the flag structures 



on the semi-stable bundle V 



(1) 

F 



JT^. Jli^ J\f° (A 4 14^ 



In terms of the coordinates u and y, this map is given by m h-^ ?/„ where yu is given in 
( [4.4.11D and satisfles ?/_„ = ?/„, y^^i = —yu and y^+z = —y^^- Note that the orbifold 



points u=j,j, are mapped to the orbifold points yi = 0, yz = i and yr+i = 1. It 



>(o) 







should be noted also that the compactiflcation divisor of A/^^~ represented by ^Pqo 5 

is mapped to the smooth point yo. If we decide to take as the complex coordinate 
around that point, the above bijection becomes an isomorphism and the conjecture holds 
also in this case. 



It may be remarked that the points < ( V^^ , 



which do not lie in A/^ 



mapped to the points I^P^^-*, g ^| ^^^^ projected to the semi-stable point by 

the 'flag forgetful map' though the former are projected to the semi- stable points {p^^^}. 

4.5 Field Identification 

We are now in a position to combine all the results obtained in the previous 
arguments. We flrst construct an action of the fundamental group vri(if) on the set of 
gauge invariant flelds and then, under some assumptions, observe the relation ( [4.0. 1|) 
which leads to the fleld identification. 

The Spectral Flow for the Total System and the Transformation of the Flag Partners 
The space of states for the total system is the tensor product of the three spaces — 
the space Ti.'^^ of states for the matter field theory M, the space VL^ [LHq / LH , C) for the 
He/ H-WZW model and the space J-"^^ (S> for the adjoint ghost system. On each of 
these spaces there is a representation of the central extension LHq of the loop group 
LHc, 7 ^ J{l) = J in) J {1)1 where if is a certain covering group of H. Since the sum 
{kvQ + Ty ) + (— A^) + 2/i^ of the levels vanishes, the representation on the total space 
-^tot _ j^M ^ jrgh (g, j^gh (Jgscgj2cls to a representation of the loop group LHq ot 

of LHc. 
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We now recall the results on the spectral flow obtained in the Chapters 1, 2 and 3 
and consider the spectral flow on the total space Let the loop 7(6') = e~*"^n in H 

represent an element of the affine Weyl group W^g of LH, where a G and n G Nt- 
We denote by the basic gauge field A^-ian of the /J-bundle Pq over the unit disc Do 
with a trivialization Sq : Dq ^ Pq. Then, we can find a horizontal frame s defined on a 
neighborhood of the boundary circle S — ODq such that so{0) = s{6)'j{6) on S. As we 
have seen in the previous chapters, the screening by of a local field O inserted at ^ = 
corresponds to the spectral fiow on the space Ti} of states : 

z]^:\a. ; 0(0)) = h,z]i:^\0 ; 0(0)) , (4.5.1) 

where I denotes one of the three sectors — matter M, Hq/H-WZW model or ghost 
system. If ctq is a holomorphic trivialization of (-PoC)^A^) such that (7o(0) = 50(0), it is 
related to the horizontal frame s by a holomorphic trivialization h^, ao{z) — s{z)h^{z). 
This is a holomorphic extension of the loop 7 up to multiplication by elements of 
Tq. Then, the spectral flow is determined by this function up to a constant factor 
depending on the behavior of Aj on the interior of Dq. If I denotes the total system 
however, since the level is zero, or since the chiral anomally is absent, is uniquely 
determined by the transition function h^. In fact, it can be considered to be the action 
J^{hj\s) of the loop hj\s & LHq. Hence we may denote just by the spectral flow 
on the total space 7Y*°*. 

Next, we see that a certain kind of spectral flow induces a transformation of the 
subspace of 7Y*°* consisting of the states corresponding to the flag partners of dressed gauge 
invariant flelds. For simplicity, we take H to be simple. Let the loop ^{9) — e~'^^^^ny,.WQ 
represent an element of the subgroup Fg of the affine Weyl group W^q. The spectral flow 
/i-y acting on each sector satisfles the following. 

Since Fg is the subgroup of W^q consisting of elements that preserve the alcove C, the 
spectral flow acting on V,^ preserves the subspace ^Lx,\ ® -^a,a consisting of highest 

A,A 

weight vectors with respect to the loop algebra Lhc © Lhc- Due to the same reason, 
acting on the ghost Fock space preserves the ray generated by 1^2) = Y\ "<5q "|0)gh which 

-Q<0 

is characterized by 6„(v)|0) — for n > 1, f G Lie(if) and hQ{v)\Vt) = for f G Lie(-B). 

And finally, as we have seen in Chapter 3, the state | — A — 2p) corresponding to the field 

2 ~ 

e^+'^p(h{h)) is mapped by to another state | —X' — 2p) with A' = 'Wj'WoX+{hF — 2h'^) *7^j. 

The above three properties show that the spectral fiow on 7i*°* maps the state 
'^*A I — A — 2p) (g) \fl) corresponding to the fiag partner Ox{so{0)B) to another state 
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$y ® I — A' — 2p) (g) which also corresponds to another flag partner. We should 
note that the ambiguity in determining the function is just the ambiguity of constant 
multiplication h by elements of Tq. Since the state corresponding to a flag 

partner has weight zero, the resulting state is uniquely determined by the class 7 G Fg. 
The new flag partner can now be denoted by (70a) (sq (0)5). 

This map 7 : Oa ^-^ 70a describes the action of 7ri(iJ) = Fg on the set of flag partners 
and hence on the set of gauge invariant local fields. 

The Field Identification 

We have defined the action of the fundamental group t^i{H) on the set of gauge 
invariant local fields and on the set of isomorphism classes of principal i7-bundles. Now 
we can ask whether the relation ( [4.0. 1|) holds true. 

To start with, we fix the notations. Let P be a principal if-bundle over S. We choose a 
neighborhood Uq of the insertion point complex coordinate z with z{x) = 0, and a 

section sq of P\uo- We assume that Uq includes the unit disc Dq = {z ; \z\ < 1}. We denote 
by the same letter 7 the element of tti (H) = Fg and a representative loop S = ODq H 
where the coordinate z determines the parametrization of S. We realize the if-bundle 
P7 by one obtained from P by cutting and gluing method as in the introductory part of 
the section 4.4. That is, denoting the restriction so|s by s, P'-f is obtained by attaching 
Dq X H to P — P\j:,° under the identification s'q{9) = s{9)j{9), where Sq is a trivialization 
of Do X H. 

We compare the left and right hand sides of ( [4.0. 1| ) in their integral expressions ( [4.2.22| ) . 



Let V be an open coordinatized subset in Afp^ with a holomorphic family {{A^, fv)}vev 

of representatives. We may take Ay to be fiat on Uq in such a way that sq is horizontal 

dAySo = 0, and also we may take the flag in such a way that sq is admissible fy = 

so{x)B. We choose a family of holomorphic trivialisations o"oo(f ) on S — D^ so that the 

family of transition functions /looo(^) relating sq and croo{v) depends holomorphically on 
d 

For each such family, we construct another family {(^4^,/^)} of connections and flags 
at X for the if-bundle P7 : 



^v\do — A^ , 
A'y\^-D° = Aylj: 



and /: = s'q{x)B. (4.5.2) 



The middle equation should be understood under the identification P7|e-l>° = P\y:-d°- 
A^ in the first equation is the basic gauge field corresponding to 7 with respect to the frame 
Sq. Since the frame s on S* is related to s'q by Sq = 57, it extends to a section denoted also 
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by s on a neighborhood of 5* which is horizontal with repect to the connection A'^ = A^. 
Hence, we see that A'^ determines a smooth connection of P7. If we choose a holomorphic 
secton (Tq of (-P7C5 flij,)|r/o such that <Jq{x) = Sq{x), then, it is admissible and satisfies 
(Tq(2) = s{z)h^{z) where is a holomorphic extension of 7 up to multiplication by an 
element of 7c- This shows that the holomorphic bundle (-P7C, Qa'J with flag structure 
is obtained by the 7-surgery of ((9a„, fv)- If we assume that the conjecture made in section 
4.4 holds true, {Ba'^, /^) represents a class in and we may consider the coordinates 

f ^, ■ ■ ■ , v'^^f of V as coordinates of the open subset Vjx of Ap^- 

Note that the holomorphic section o"oo(f) determines a holomorphic section cr^(f) of 
{Plc,dA'J\^-D° by (t'^{v) = (Too{v) under the identification Pj\y;-d° = P\t:-d°- Then, it 
is related to ctq by the transition relation 

(^'0 = (^'oo{v)h'^oi'") ; h'^oitJ, z) = hooo{v, z)h^{z) , (4.5.3) 

where the transition function h'^Q{v) also depends holomorphically on v^. 

The form ^j^p^ig] 0'~fO) for the integral expression of the right hand side of ( [4.0. 1|) 
is given by (|4.2.21| ) on V where O should be replaced by 7O and Z4(f ) is given in ([4.2. 17|) 
with cro(f) = Sq. We may as well assume here that the residual gauge-fixing function 
Fy{h) is independent of the behavior of h\r)o, that is, F^{hi) = Fv{h2) if hi = h2 on 
— Dq. Also we may assume that the contour integrals of the b and 6-fields are placed 
in f/o — -Do so that there are no field insertion in Dq other than 'yO{fv). 

Recalling the definition of the action of vri (H) on flag partners, we have the following 
relation of the wave functions : 

Zn:^''\A^\n,; iO{Q) = zZ'\a, ; 0{f^)) . (4.5.4) 

Introducing a family {-F^} of residual gauge-fixing functions for the family of symmetry 
groups Aut((54/^, fl) by F^{h') = Fy{h) if /i'|e-z)° = ^Is-Dg, we see from the above relation 
( [4.5.4[ ) that the measure fl^ p ^{O •jO) is expressed on V as 

nM,P,.{g;0^0). (4.5.5) 

= nd'v'Z'^%(s,K]S{F:{h))]jF'l,^^^^^^ 

A=i ^ i=i A=r^ •'^ 

The section z/^(f ) in this expression is given by 

z/;(f ) = s ■ hocoiv)~^—ho^o{v) = (t'q ■ h'^Q{v)-^—h'^Q{v) . (4.5.6) 
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Hence we see that the form Q^p^^OjO) on V is identical to the form fl^p^^{00) on 
V^x under the (conjectured) identification Afp^ -^p-y x- Repeating the same thing on 
other open subsets, we see that the forms on and on A/^^ are identical to each other 
under the same identification. Hence we have the following relation leading to the field 
identification : 

L ^^,P.(S; O^O) = / OO) . (4.5.7) 

P,x Pl,^ 
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CHAPTER 5. SAMPLE CALCULATIONS 



In the final chapter, we calculate the partition functions of the gauged WZW 
models on the torus for several choices of target and gauge groups. Calculations for the 



topologically trivial bundles are essentially done in the ref . [|T6| . Here, we take good care 
of the overall normalization which has not explicitly been done in that reference. The 
resulting partition function is physically satisfactory in view of the field identification 
if there is no pair of weights fixed by the spectral flows (no field identification fixed 
point), and is problematical if there are. Aiming at the resolution of the latter problem, 
a topologically non-trivial bundle is shown to give possibly non-zero contribution if there 
are identification fixed points. As the simplest nontrivial example, we attempt to calculate 
the full torus partition function of the level {ki,2) WZW model with the target group 
G = SU{2) X SU(2) coupled to the 5*0(3) gauge fields where the gauge group 50(3) acts 
on the target by h : {gi, (72) ^ {hgih^^, hg2h^^). When the level ki is an even integer, the 
topologically non-trivial bundle contributes as a constant term which may be interpreted 
as a 'half of the Ramond ground state. 



5.1 Differential Equations for 
Partition and Correlation Functions of WZW Model on Torus 

The Sugawara construction of the energy momentum tensor of the group G 
WZW model leads with the aid of Ward identities to a system of differential equations for 
the correlation functions with respect to the modular parameters of the Riemann surfaces 
and the holomorphic Gc/^G-bundles. We derive some of them for the partition and one 
point functions on the torus S = { (a;, y) G R^}/Z^. We denote by the fiat metric on 
S given by = d(d( + d(d( where ( = x + ry is a complex coordinate of the Riemann 
surface St- = C/Z + rZ. 

Ward Identities — Topologically Trivial Case 

We first take closer look at the Ward identities (|2.1.5|) and (|2.1.6| ) for P a topologically 



trivial G/Zc-bundle S x G/Zq over the torus where G is a compact connected simply 
connected Lie group and Zq denote its center. Since semi-stable orbits are relevant in 
the consideration of gauge theories, we take as the background gauge fields the following 
kind of fiat connections 



94 



= —udC - —ud( , (5.1.1) 
T2 r2 

parametrized by u belonging to the complexified Lie algebra Lie(T)c of the maximal 
torus. We shall rewrite the identities (|2.1.5|) and ( p.l.6|) in the forms that do not involve 
the integration over the surface S. To avoid the doubling of the description, we only look 
at the left movers, that is, we write the Ward identities for insertions of the left current 

J = J^dC 

The basic tool in the reformulation is the Green function for the Cauchy-Riemann 
operator Ba^ acting on sections of the adjoint bundle adi^ = x Lie(G')c. For the 
description, we introduce the multi-valued section a of given by a{z) = (C, e^"'''' ''^) 
where z = e"^'^*''. It is holomorphic with respect to the connection and satisfies 

a{zq)=a{z)g ; ^7 = 6"'™. (5.1.2) 

Now, we put 

GM) = a^{w) ® dz^^ ;„|y_'^^C) ^ad(.)-^ (5.1.3) 

Gi{z) = aM)®dzj:^ (fCxf-T-V "^^ ^'-'-'^ 

where cxad (resp. a^) is the multi-valued holomorphic frame of the adjoint bundle adi^ 
(resp. coadjoint bundle (adi^)*) determined by the multi-valued section a of Pq. The 
maps Gw '■ z ^ Gw{z) and G^' : z ^ Gl'{z) are meromorphic single- valued sections of 
{a.dPc)w^K^{adPc)* and of (adPc) z' ® K ^ {a.dPc)* with the following singularities : 

dz 

Gwiz) ~ Oad(w) (g) 0ad(2)~"^ as z ^ w , (5.1.5) 

z — w 

-dz 

~ (Tad(w) O -(r^d{z)~^ as z ^ 1 , (5.1.6) 

z — 1 

dz 

G',{z) ~ Oad(/) ® j3Y(ad^ - l)oad(^)"' asz^l. (5.1.7) 



The Ward identities ( |2.1.5D and ( |2.1.6| ) with the s-point insertions O = lli=iO{xi) are 



then equivalent to the following equations 

Z{Je{z)0) =i2Z{MG,A^))0) - Z{S JGU{z)0) , (5.1. 
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Z{Je^{z)Je2{w)0) = k{ti^(e2{w)d'^^G^e,{z)) - j)^i^(d^/jG,.e2{w)Gie,{z))}z{0) 

+ ^z(jKajG^ei(^),e2H] G,ja'e2H,G:'ei(^)])0 
1=1 

+ Z(jKa,ei(^))J/.(a,,e2H)0 

l,V=l 

+ z(£j{-G':Kei(z),e2(w)] +£G:H»e2(w;),G':ei(z)]}0) 

- ilzU JGie,{z)Ji{G.,M^))0 + JG:'62(i/;) JKG'.,ei(z))0 

- z{£^JGl'eiiz)£jGfe2iw)0) , (5.1.9) 

where e, ei and e2 are local holomorphic sections of the adjoint bundle (adi^,(94„) and 
Ji{e{xi))0 denotes 0(xi) ■ ■J{e)0{xi) ■ -Oi^Xs) (read the explanation below the eq. ( p.l.6|) 
for the definition of J{e)0). The contour C or C" in the above expressions is given by 
t G [0, 1] I— >■ C'{t) = re** G C* where we assume the inequality 1 < r < \q'^\. In the last 
term of the right hand side of (|5.1.9|), C" is slightly 'smaller' than C, that is, \z"\ < \z'\. 



The Differential Equations — Topologically Trivial Case 



Making use of the above Ward identities ( p.l.8| ) and ( p.l.9| ), we derive from the Sug- 



awara construction ( p^. 1.161 ) (see also ( ^^.1.15] )) the differential equations in terms of the 



modular parameters r and u satisfied by the partition and one point functions. This is 
essentially a review of the work of D. Bernard [Q. 

We denote by Z{0) the one point function Z^f^.^^ {g^, ; 0{x)) under consideration. 
If we put O = 1, Z{1) is the partition function. We first note the identification of the 
derivatives -^Z, q^q^j Z and -^Z with the contour integrals of the current and the energy 
momentum tensor along the cycle G given above : 

zU Ja5uO) = 6uZ{0), (5.1.10) 

c 

Z(<f Ja6iu<f Ja62uO) = &J,^Z(0)-—ktT(SiuS2u)Z(0), (5.1.11) 

JC JC T2 

d d 



Z{f^dzzT..O) = [Q:^-<^'Q^)ZiO), (5.1.12) 

which are the consequence of the definition (|1.1.4|) of J and T with the aid of the Ward 
identities. 0* in the equation ( |5.1.12| ) is one of the 'real coordinates' ip and belonging 



to zLie(T) related to uhj u = — rcf). For each root a of G, we also have from the Ward 
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identities 

Z{£ja^O) = YZ^^^ZiJMO), (5.1.13) 
Z{j)Ja^j^Ja^^O) = ^— -1— ^z(a(0)/ctr^(a,a_J(x)O + ^J([a„,a_J)O 

where aa denotes the multivalued section ctq, = Oad ■ (^a of adi^ in which G Lie((j') is a 
root vector. 

With the aid of the Ward identities ( |5.1.8|) and (|5.1.9|) and of the relations (|5.1.10|) 



(|5.1.14|) , the Sugawara construction ( p.l.l6|) of the energy momentum tensor leads to 



a differential equations for Z{0). To write it in a simple looking form, we introduce the 
normalized function Z{t,u\0) given by 

0(.)) ^erf;"""-''!!^, (5.1.15) 
where n(r, -u) is the Weyl-Kac denominator defined by 

oo 

n(r, u) = J] (e™(") - e-™(")) - g")' g"e-2™(")) } . (5.1.16) 

aGA+ n=l aeA 

We also introduce the symbols 5r = 2^^, Dj = g^^fj and ta = e"^'^*"'^"). Then, the 
differential equation is written as 

- TTTT^A/^,) Zir,u\0) (5.1.17) 



2(A; + g^ 

-1 f ^ ng^ 



Note that the Weyl-Kac denominator n(r, -u) satisfies the similar differential equation 

- ^^'A'} n(r,^/) = 0. (5.1.18) 

The Differential Equations — Topologically Non- Trivial Case 

We next consider the partition function of the WZW model corresponding to topologi- 
cally non-trivial configurations. For simplicity and concreteness, we restrict our attention 
to the SU{2) WZW model coupled to external S0{?>) gauge field of the non-trivial S0{?>)- 
bundle. Since the semi-stable orbit is relevant in the consideration of gauge theories, we 
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assume that the background gauge field is the fiat connection Ap with the holonomies 
represented by the matrices d and b given in (|3.1.19|) . 

We first rewrite the Ward identities ( p.l.5| ) and ( p.l.6| ) in the forms that do not in- 
volve the integration over the surface E. The basic tool is the Green function of the 
Cauchy-Riemann operator '■ adPc) adPc)- Using the multi-valued 

holomorphic section a{z) = ap\z) which satisfies the relation (|4.3.8|) , the Green function 
is expressed as Gw{z) = (7ad{w) ®dzg{w, z)(7s,d{z)~^ where g{w,z) is the End(g)-valued 
function having the following representation matrix with respect to the base cr+, ctq and 
cr_ : ^ 



g{w,z) 



V-E 





wq 



z—q^ 





f{w,z) 




E 







(5.1.19) 



where the sums En the four entries are over all integers and f{w,z) is given by 



f{w,z) 



z + w 




(5.1.20) 



The Ward identities ( p.l.5|) and (|2.1.6| ) are equivalent to the following equations 

Z{Je{z)0) = ^ Z{Ji{G,,e{z))0) , (5.1.21) 



ZiJeiiz)Je2iw)0) = ktT,[djgG^e^{z)e2{w))z{0) 

+ j2Z{MG,,[G^ei{z),e2{w)])0) 
1=1 

+ ^ Z{Ji{G^Mz))JiiG^^,e2H)0) , (5.1.22) 
i,i'=i 

where e, ei and 62 are local holomorphic sections of adi^. 

With the aid of these identities, we have the following consequence of the Sugawara 
construction ( p.l.l6|) of the energy momentum tensor : 

^Zs,p(g,,A^) = 0. (5.1.23) 

That is, the partition function Z-^^p{g^, Ap) for the non-trivial 5*0(3) bundle P is a 
constant (independent of the modular parameter r) . 
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5.2 Torus Partition Function for the Trivial Principal Bundle 



We calculate the torus partition function of the gauged WZW model with the 
compact connected simply connected target group G and the the gauge group H which is 
a connected subgroup of the adjoint group G/Zq of G. In this section, we only consider 
topologically trivial configurations. This is essentially a review of the work of Gaw§dzki 
and Kupiainen [0 which deals with the case in which the gauge group is a subgroup 



of the target group G. However, if the center Zq has non-trivial intersection with the 
gauge transformation group for H = H/{H fl Zq) is different from that for H and there 
arises a difference in the normalization of the partition function. 

For simplicity, we assume that H is also semi-simple. Since two different groups G 
and H are considered at the same time, we shall put indices 'G" and 'iJ' on suitable 
places — Pq, tr^, A+(if), etc. We choose the maximal tori Tq and of G and H in 
such a way that is a subgroup of Tq/Zg- In this section, we denote by P^ the kernel 
of the exponential map zLie(TH-) — > Th given by f i— > e^'^™ though it may be possible 
that P^ is not the dual lattice of the root lattice Q^^. For each level k of the G-WZW 
model which is a multiple of integers (/ci, • • ■ , /cm) {kj is the level for the j-th simple 
factor Gj of G), we denote by A; = {ki, ■ ■ ■ , /ctv) the corresponding level for H defined by 
A;tr^(t>it>2) = ktT^{iviiV2) for vi,V2 G Lie(if) where z is the embedding map of Lie(if) to 
Lie(G') (see eq. (^)).ii 

The Partition Function of the WZW Model with Target G 

Let us denote simply by Z'^'^{t, u) the partition function Z^'^^^^{g^, Ay) of the level k G 
N target G WZW model for the trivial G/Zc-bundle on the torus where is the metric 
introduced in the preceding section and is the flat gauge field (|5.1.1| ) parametrized by 
u G Lie(TGr)c. It satisfies the following conditions : 

(gauge invariance) Z^'^{t,wu + n + rm) = Z^'^{t,u), w G Wg, n,m E P^, (5.2.1) 

(modular invariance) ~^ ^ ) = Z^''(r, m), Jj) G ^L(2, Z)(5.2.2) 

(heat equation) 1 5, - —^^^—DiDj I Z^'^t, u) = 0, (5.2.3) 
t ^[k + g ) J 

(reality) Z^'\t, u)* = Z^^^{t, u) . (5.2.4) 



^^The symbol /ctr^ should be understood as the normalized trace such that kXi^iXY) = fc^tr^ {^^) 
if y e Lie(Gj) and k\.x^{XY) = if X and Y belong to different simple factors. 



99 



where Z^'^{t,u) is given by e a^^^'^c^" Z'^''^'(r, M)|n'^(r, -u)!^. The first is the conse- 
quence of the invariance under the gauge transformation hy h = ^^ie27r«(ma;-nj/)_ rjj^g 
second is the consequence of the diffeomorphism invariance. The third comes from the 
Sugawara construction as we have seen in the preceding section. The final is required 
because of the identity I{A,g)* = I{A,g~^) satisfied by the classical action and the Haar 
property of the measure for the functional integration. 

The solution of the heat equation together with the requirement of the invariance 
under (Q^ + tQ^)xWg is given by [g 



Z^^'iT,u)=e^'''oi^-''^ Y: N-^,^xfA,,)ir,u)xf^,^ir,u), (5.2.5) 

where X^a k) character of the irreducible highest representation i^(A,fc) of the loop 

group LG : 

XfA,.)(^,«)=tr^,.,,,(/"e2'^^'"^"^)- (5.2.6) 

In the above expression, Lq corresponds to the zero mode (with respect to z) of the 
energy momentum tensor derived by the variation of the metric g^-.S Since we have 
XfA,fc)(^.« + = e'"'^^"^X(i,fc)(^>w) for n G P^, A^^^a = unless A - A G Qg- Recall 
that for each 7 = e~*''^w G Fg, the spectral flow transforms the space iv(A,A:)®-^(A,fc) to 
the space i^{7A,fc)®-^(7A,A;) where 7A G P^\G) is given by 7A = wA + k^'^fi. With the aid 
of the transformation rule ( p.4.12| ) and ( p.4.13| ), this shows the following relation : 



xSA,.)(^,«)=?^*^«'^'e2"^''^«(^")X(i,fc)(^,^"'« + ™-V). (5.2.7) 

Then, the gauge invariance requires N^a^^a = ^a,a. Finally, the modular invariance 
requires J2a',A' 'S^i a-^^'A'^a',a = ^a,a where (^a/.a) is the matrix representing the trans- 
formation of characters under (r, m) 1-^ (— ^, ^). It is given by 

^A',A = ^'^-^^''^'|PG/(fc + g'')*^QGr' E {-iy^^^e-T^^'''^''oMA+Pa))_ ^^ ^.8) 

wGWg 

Among several solutions, it seems natural to take the following as the solution in our case 
of simply connected target group G : 

Na,a = Sa,a. (5.2.9) 



^^In the conventional notation, this one should be denoted by Lq — so that the highest weight 

_ (A,A+2p) 



vector has the io-cigenvalue A\ — 2(fc+g^) 
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The Partition Function of the Hg/H-WZW Model 

As we shall see, to calculate the partition function of the gauged WZW model, we 
need to know the following partition function of the level —M^ = —k — 2/i^ WZW model 
with the target Hq/H for generic value of m G Lie(Tff)c : 

z-'--V, u) = zSJ^r'-^'Xer, A. ; '^^^^^) ■ (5^2-10) 

where xq is any base point and I is the rank of H. ip in the above expression is a field 
valued in iLieiTH) induced by the Iwasawa decomposition h = n^e^V oi the field h where 
n+ is valued in Nq{H), ip is valued in iLie{TH) and (7 is valued in H. 

The integration over the fields n+ with the weight Q^^^i^i^M*) where hh* is expressed 
as ra+e'^'n^ is known ||T6[ to serve the following factor 

e-U^^^^)k^^uB.B. n det(4)4(„))-\ (5.2.11) 

aeA+(//) 

where da(u) is the Cauchy-Riemann operator dC,(^-^ + ^a{u)^ : Q.^{Tjt-) — > ^^'-'^(St-). The 
determinants in the above expression can be defined with the use of the zeta function 
regularization.i^ Now we are left with the following path-integral : 

Z-~'~''\r,u) = ndet(4)^M^))"Y Py^e-^(^+^^)/^-^^^^^ ^^'^^^^^°^^ (5.2.12) 
(2Ck + h-))[^. (det'sta)-' ndet(4,4,„,)- , (5.2.13) 



(27r)VolTH 

where we have used the fact that det' '{e'D^D) =e^^W*det'(Dt/}) 

for a Laplace operator 

D^D and that Cd(0) = -1 for D = 9 and Cd(0) = for D = with a{u) ^0 (see [|). 
The determinants in the expression above have been calculated by Ray and Singer |3^ . 
Using their result, we have 



Z-'^-^^\r,u) = ^'fv ''^^V r^e-^^-^-^("--nn^(r,.)|-^ (5.2.14) 
(47r)'voli// 

It is easy to see that Z-~^-^''\t, u) = e-^^''^~^^''^''Hi-^)' z-'^-^^^r, u)|n^(r, u)\^ satisfies 
the heat equation 

\6r AD, |z"^-2h.7 Q _ (5.2.15) 



For a certain Laplace operator on a compact space, the corresponding zeta function (jj is defined 
by Cd(s) — J2\>o '^aA^*' where the sum runs over the (discrete) set of positive eigenvalues of D^D and 
m\ denotes the dimension of KeT{D^D — A). The determinant of D^D is defined by det' (Z?t-D) = e^^oC) . 
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This is not surprising because, to derive the equation ( ^.1.171) , we have used only the 
Ward identities and the Sugawara construction which we expect to hold also for the 
Hc/H-WZW model (see ( pXTSD and ( pXTTD ). We can also see that Z~~^''^''\t,u) is 
invariant under the gauge transformations (P^ + rP^)xW^//. 

The Partition Function of the Gauged WZW Model 

Now let us calculate the partition function of the gauged WZW model with the target 
group G and the gauge group H C G/Zq- We use the method developed in Chapter 3. 
The symmetry group Su = AutdA„ is the cylinder (Th)c for any u which satisfies a{u) ^ 
for any root a of H. Since Th C (Th)c is compact, half of the symmetry Su serves the 
non-divergent factor voITh- Hence, as the residual gauge-fixing term 5*^^'^ {Fu{h)), we may 
take the following 

^^^'Hv'M), (5.2.16) 

which we have considered in advance. Consequently, we have the following expression for 
the partition function Zt^i^^r) = Z-s^tnvigr) '■ 

^triv(r) = / fl d'u^ Z'^'^r, tu) Z-'-'^\r, u) Z^\t, u) , (5.2.17) 

where the contribution of the adjoint ghost system is given by 

' ' ?■ /■ dA" i r-BA' 

Z'Hr.u) = Z«"(,v.^.;nc-(.o).-(.o)n^X''a-^/,S^) (5.2.18) 

^)''det;,.,.,43i5,,.) = (2>rfe>%=''"''«<"-''''|n«(r,,.)|*<5.2.19) 

According to the branching rule ( [4.1. 81 ) of the representation i^(A,fe) of LgQ with respect 
to the subalgebra Lhc, we have the following expansion of the character X(a fc) (''"' '^'") 
the integrable weight A G P^\G) in terms of the characters of the irreducible represen- 
tations of Lhc '■ 

XfA,k)ir,^u) = &A,A(r)xS,^)(r,w). (5.2.20) 

6a,a in the above expression is called the branching function. If L,^ denote the operators 
on Iv(A fc) corresponding to the mode expansion of the energy momentum tensor, they are 
expressed essentially as bilinear forms of the generators of J{Lgc) (see eq. (|2.3.8| )). If we 
apply such algebraic construction to the sub-generators J{Lhc) and denote the result by 
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, the differences — denoted by L^'^ generate a Virasoro algebra [|l^ which acts 
on the subspace La, a- The branching function is then expressed as the character 

&A.A(r)=tr,Jg^o--) . (5.2.21) 

The generators L^'^ are invariant under the spectral flow representing an element 7 of 
the affine Weyl group W^fj(iL) of LH (see eq. ( p.4.12| )). If 7 is an element of the isotropy 
subgroup rg(if ) at the alcove C^, the spectral flow maps the subspace La,a ® La, a 
to another subspace L^gA,7A ® L^gA,7A where 7gA and 7A are given in ( |2.4.9|) . Here, 7g 
denotes an element of T^{G) that is equivalent to 7 modulo Was{G) where 7 is considered 
as an element of Ws,q{G / Zg)- The commutativity of L^ '^ and shows that 



-'7i3A,7Al 



&A,A(r) . (5.2.22) 



Combining the equations ([O^D , (^2^, ( p.2.20|) , ( |5XT^ ) and ( |5.2.19| ), we can rewrite 
the expression (|5.2.17|) as 

Z„„M = f?^(i±^y 1 / nrfVe^*'-""'*'.'"-'' (5.2.23) 



T2 / VoITh iA/-° 



X E &A,A(r)6A,A(r)xfA,^.)(^'")^rA.^)(^'")|n''(^'«)l'- 
AeP|.*'(G) 

A,AgP|*'(H) 

The equation ( ^.2.22|) together with the identity (|5.2.7] ) applied to the characters xf\ fc) 
shows that the integrand of (|5.2.23| ) is indeed a well-defined measure on the moduli space 
Mh = Lie(Tf/)c/ (P^ + tF'^)xWh of semi-stable topologically trivial i^c-bundles. Since 
the moduh space is the quotient of TVj^ = Ue{TH)c/ {Qh + ^Qh)^Wh by (P^/Q^)^ the 
integral in the expression ( |5.2.23| ) may be replaced by 

where H is the simply connected covering group of H. If we use now the orthogonality 
relation of the characters which is proved in Appendix 3, we have the following expression 

^ , , (27r)W(^Lie(TH)/Q^) ^ , ,,2 



■'triv\ 



E \bAAr)\\ (5.2.26) 



AePj^^'CG) 
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where, in proceeding to the right hand side, we have used the relations P^/Q)^ = 7ri(iJ) 
and voITh = (27r)Vol(iLie(Ti^)/P^). 

In view of the equation ( |5.2.22| ), ZtmiT) can be seen to be written as 



^triv(r) = E ^ I bA,xir)\ , (5.2.27) 

A,A I'^A.aI 

where the sum X^a.a over the quotient (f^\G) xF^\h)^ /T'^{H) and 5a,a is the 
isotropy subgroup of rg(iJ) at (A, A). 

In particular, if the action of rg(if) on the set P^\G) xP^\h) is free, the partition 
function for the trivial if-bundle is given by 



^triv 



(r)=tr„4g"""g""") , (5.2.28) 



where 7i/ ~ is the space of states corresponding to the gauge invariant fields in which 
only one state is contained among the states related by the spectral flows rg(if). As 
we shall see in the following section, in such free case, there is no contribution from 
the topologically non-trivial if-bundles and hence, the above Ztriv(T) is the full partition 
function. 

If the action of r^{H) is not free, the coefficients of some terms in the qq expansion of 
Ztriv{T) may be fractional and the physical interpretation such as ( 5.2.28| ) is impossible. 



In the following section, by choosing simplest examples, we argue that such problem 
may be resolved by taking into accout the contribution of topologically non-trivial H- 
bundles. This seems to provide a geometric method for the 'fixed point resolution' in 
coset conformal field theories 



5.3 Torus Partition Functions for Non-Trivial Principal Bundles 

In this section, we consider the torus partition functions of the gauged WZW 
models for topologically non-trivial configurations. First, using the field identification and 
the fusion rule, we give a criterion for the non-vanishing of such partition functions. A 
simplest non-trivial example is seen to be provided by the level {ki,k2) SU{2) x SU{2) 
WZW model (fci, ^2 G 2N) coupled to 5*0(3) gauge fields. The calculation of the partition 
function for the non-trivial 5*0(3) bundle is attempted in three different methods — (i) 
With the use of the differential equation for the partition functions of the constituent field 
theories for the non-trivial 5*0(3)-bundle, (ii) With the use of the differential equations for 
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the one point functions for the trivial S'0(3)-bundle, (iii) Direct evaluation of the Hq/ H- 
sector integration of the one point function for the trivial S'0(3)-bundle. The latter two 
methods use the field identification. 

A Criterion for the Non- Vanishing of the Partition Function 

Field Identification Fixed Points 

Let G be a compact connected and simply connected Lie group and let if be a closed 
subgroup of the adjoint group. We give a criterion for the non- vanishing of the torus 
partition function of the group G WZW model coupled to the gauge field of the non- 
trivial if-bundles. For simplicity, we only consider the case in which H is semi-simple, 
though the result also applies to general compact Lie groups including such groups that 
contain f/(l)-factors. 

By the field identification ( |4.0.1|) , for each 7 G tti{H), the partition function for the 



if-bundle = Ptml coincides with the one point function for the trivial if-bundle Ptriv 
with the insertion of 7(1) at any point in S. Since the identity field 1 corresponds to 



the state belonging to the subspace Lo,o ® i^o.o labeled by the pair of weights (0, 0) G 
P^\G) xP^\h), the gauge invariant field 7(1) corresponds to the state $7(1) belonging 
to the subspace ^^7^0,70 ® -^700,70 labeled by the pair (7gO,70) G P^\G) xP^\h). Let 
V^o denote the finite dimensional irreducible ii-module with the highest weight 7O. 

We denote by (O^^^^) the End (V^o) -valued field of the group G WZW model corre- 
sponding to the vacuum representation of the space of the J{Lhc) x J(L/ic)-descendants 
of $7(1). Then, for the non- vanishing of the partition function for the if-bundle P7, the 
End (Kyo) -valued one point function 

Z^:Ligr,AH; (0%)) (5.3.1) 

of the level k group G WZW model must be non- vanishing for generic value of the if-gauge 
field Ah- Since the entries (O^^^^^)^ are the G-current descendants of the End (V^^o)- valued 
field (O^^o) corresponding to the vacuum subspace of L(^go,fc) ® -^{700,^)5 the one point 
function 

Z^i,^{g^,AG; (07^0)) (5.3.2) 

must also be non- vanishing for generic value of the G-gauge field Ac- 
Let us introduce the normalized one point function (^Z^^^^^ by 

Z^:Ligr,A; (0%)) = et/.-.^'^" {z^^,^{A' , A")) , (5.3.3) 

where A' = A^dz and A" = A^dz are the (1, 0) and the (0, 1) components of the if-gauge 
field A. Recall that h-^A"h + h'^dh and h*A'h*-^ + h*dh*-^ are denoted by A''" and 
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A'^' respectively. The important thing to notice is that the normahzed one point function 
satisfies 

where x is the insertion point and the representation of H on the space Vyo is denoted by 
p : H ^ GLiV-yo). The following space of V*q valued holomorphic functions of A" 

: he) V;^ ; ^{A''") = e'''^'^"'''^p{h{x)Y^{A") } , (5.3.5) 



is called the conformal block |T^, ||T0[ and is known to be of dimension J2 y^^^ik) ^ 
where for Ai, A2, A3 G P^\h) is the fusion coefficient given by 



A 



Ai A2 

E ^^^4^. (5-3.6) 



AeP|'='(//) 



'S'o.A 



in which Sy^x = Sy ^ is the matrix representing the transfomation under (r, u) ^ (^, ^) 
of the characters of integrable representations of Lhc at level k. Hence, for the non- 
vanishing of the one point function given in ( |5.3.1|) , the weight 7O must satisfy 

E ^^OAT^O. (5.3.7) 

By exactly the same argument, for the non- vanishing of ( |5.3.2| ), 7^0 must satisfy 

E <0A^0, (5.3.8) 



AePj'^^G) 



where A^a^Aj is the fusion coefficient for the group G WZW model at level k. 

We shall prove that the conditions ( p. 3. ![ ), (\5. 3. 8^ ) for the non-vanishing of the parti- 
tion function Zj]^p^{g^) are equivalent to the existence of the fixed points of the action of'y 
on thesetFi^\G)xFP{H) given by 7 : (A, A) i— > (7gA, 7A). Note that pn = (0, pn, h^) is 
invariant under the action of rg(iJ), which follows from the statement that an affine root 
a of if is positive if and only if {pn, a) > with respect to the scalar product ( |A.2.4| ). Us- 
ing this fact, we can see from the expression ( |5.2.8| ) that S^a'.a = [—ly^'^^ e~'^'^^^^^'^H)'yt^'> S\i ^\ 
if 7 is represented by a loop 7(^) = e~*^^n^.iil Putting such identity into the expression 
( p.3.6[ ), we obtain the relation 



^^This was pointed out by D. Gepner | p7[ . 
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Hence, the dimension of the conformal block is given by 

E iVoV' = tt{^ePf(^);7A = A}, (5.3.10) 

where we have used the obvious identity A'^q^ = S^'- Doing the same thing for 7^0 G 
F^\G), we see that the above assertion holds. 

Example SU{2) x ^^(2) mod. ^0(3) Gauged WZW Model 

As the simplest non-trivial example with field identification fixed points, we consider 
the following system with the gauge group SO (3). The gauged WZW model with the 
target G = SU{2) x SU{2) on which the gauge group H = S0{3) acts by h : ((71,(72) ^ 
{hgih~\hg2h-^). If the level of the 5?7(2) x ^f/(2) WZW model is given by A; = {ki,k2), 
the corresponding number k for H is k = ki + k2- The action of the group r^{H) = Z2 of 
spectral flows on the set P|^^'' x p|'^^'' x pI'^-' is generated by (ji, 72,73) ^ (^"~Ji? ^~J2, | — 
js). Hence, if both ki and k2 are even integers, there is a unique fixed point (^, ^, |). In 
this section, we shall attempt to calculate the torus partition function of the model with 
even ki, k2 for the topologically non-trivial 5*0 (3)-bundle P : 

^non-triv(r) = ^S,p(gr) • (5.3.11) 

We do it in three different ways. 

(i) Using the Differential Equations 

Since there is only one semi-stable bundle Vp^ whose automorphism group is the finite 



group Z2 X Z2 (see ( [4.3.13| )) of order 4, we have the following expression for the partition 
function 

^non-tnv(r) = Z^p^'^^'\g^, Ap) zg/^'"^"^ ( , Ap ; \) Z^^^g^, Ap) . (5.3.12) 
i=i ^ 

For the partition function of the SU{2) WZW model, the differential equation (|5.1.23|) 

says that 

Z^^p'^'''^^{ g^, Ap) = a constant, for i = 1,2. (5.3.13) 

Since the proof uses only the Ward identities and the Sugawara construction of the 
energy momentum tensor which we expect to hold also for the PSL{2, C)/PU{2) WZW 
model, we also have 

Z^J,"''''~\ g^, Ap) = a constant. (5.3.14) 
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In the course of the derivation of such differential equations, we have actually obtained 
and used the following property of the Green function Gw{z) given in ( ^.1.191) : 

lim |tr,(9i-; - = . (5.3.15) 

Since we have Z^^{ g^, Ap ; c{w)b{z)) = Gw{z)Z^^{g^, Ap), we see from the above equation 
that 

Zi^p{g^,Ap; :b:{z){d. + A:y{z):) = ^Zi^p{g,,Ap). (5.3.16) 

Then, putting this together with A = 1, V = sZ(2, C) and tr((A^)^) = into the 
expression (|1.4.6|) of the energy momentum tensor, we have 

Zgp(g,,A^;T,,) = 0. (5.3.17) 

Hence, we see that 2'non-triv(T) is independent of r, that is, it is a constant. 

(ii) Using the Differential Equations via the Field Identification 

The second and the third methods use the field identification. The dressed gauge 
invariant field for 71 (1) is given by 



^tr, (ihh*)-^'Ug,)!^ ® (92) ,) , (5.3.18 



k + 1 

where tr^ is the trace in the spin j representation Vj of SL{2, C), {g)j denotes the repre- 
sentation of g on Vj and [Aj-^ ® ^j^ljs denotes the endomorphism of the spin component 
with respect to the decomposition Vj^ ^Vj^ = ®jVj into irreducible representations. Using 
these expressions, the relation ( 4.0.1|) shows that 

^no„-triv(r) = / d%Y[Zll{T,v) Zf-\T,v)Zf^{T,v), (5.3.19) 
JMh j=l 2 2 

where Z|(t,«) = Z|.S*(gv, 'I. ; ((9)i)°) , (5.3.20) 

Zf-'(r,.) ^ (5.3.21) 

Zt.ir,v) = ^det[,oJaia^„), (5.3.22) 

and K = ^udC ; u = ) . (5.3.23) 

Note that the weight zero components of the matrices {gi)iH and (hh*)^^ are selected out 

2 2 

due to the symmetry Tq of the background gauge fields Au. 
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The ghost contribution Z^^ is aheady calculated (see (|5.2.19|) ) : 



(5.3.24) 



where we introduce the real coordinates and ip hj = ip — rip and we denote the 
Weyl-Kac denominator n(r, m) by n(r, i;). 

If we introduce the normalized one point functions Z^k^ and Z^^~^ by 



Z% {t,v) 



2 



|n(r,t;)P 



-(fc+4)(/-2_fc/2_ 



|n(r,i;)P 

we have the following differential equations (see ( [5.1.17| ) : 



(5.3.25) 
(5.3.26) 



r, u 



0, 



(5.3.27) 
(5.3.28) 

where 5r = and D = 2^^. Since there is only one fixed point (^,^,f), the 

dimension of the conformal block is one which implies that Z^^j^^t^v) is a product of 
holomorphic and anti-holomorphic functions of r and v. The solution satisfying the 



equation (|5.3.27| ) is given by Z'^_i^{t,v) = II{t,v 



Z'^iT,v)=C,Xqq)''^' n(r,t;)^ 
2 

where C^. is a numerical constant. Therefore, we see that 

-^non-triv(''~) = C 



Hence, we have 
2 





TT/ 







(5.3.29) 



(5.3.30) 



where the constant C is given by 27r^CfciCfc2. Noting that the real coordinates ip and 
of the moduli space Nh of flat connections are independent of the complex structure r of 
the surface, we see that the differentiation of the expression ( |5.3.30| ) by r gives 

1 _ _ ^ \ _ fe+2 2 ~ 



5^Z, 



r -^non— triv I 



C / <fv 



2(pD + 5r 



k+2 

n 2 



-fc-4 



(5.3.31) 



It is a straightforward calculation to check that the integrand is a total derivative 



1 



47rr9 



20L) + 5r 



, k + 2 



n- 
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2 ~ 



zi. 



fc-4 



k + 2 



-DF(t,v) 



(5.3.32) 



where F{t, v) is a single- valued function on Afn given by 

F{t,v) = C {dz\zi^-' - zlDZf'Azf,{T,v) , (5.3.33) 

L 2 2 2 2 J 

where C" is a numerical constant. Hence we again see that ^non-triv(''") is a constant. 

(iii) Direct Evaluation of the Path-Integral via the Field Identification 
Instead of using the differential equations, we may calculate the path- integral Z^^'^^ij^ v) 
directly as in the case of the calculation of the partition function for the topologically triv- 
ial bundle. 

We choose the following parametrization of the field hh* : 

M-^(^^'('tH=) ;;). (5.3.34) 

Then, the field (j^hh*)^^^ ^ is expressed as 

k 

{ihh*)t)l - E ( t V (1 + \wf)'^-W = ( f ) kl^ + • • • , (5.3.35) 



2 ' ° i=l \ 2 ^ ^2 



where denotes a power series of |wp of order lower than |. Using the same param- 
eters, the classical action is expressed as 

{-~k - 4)/(A„, hh*) = ^{k + A) f [d^d^ + d,,^wd,,^w] , (5.3.36) 

where ,^ is the Cauchy-Riemann operator ^ ,^ — d -\- ^vd^ + d(f acting on complex 
functions on E.^- 

Then, the path-integral is given by 

k 



k 
fc/2 



a,^(x,x) = e-2'^(-) / e2<^(^)-4^ a(C,C(^)) (5.3.37) 



k + 

where Gy^^{xi, X2) is the Green function for the operator ^ ,^ such that 

2Ti{k + 4) 

in which Gi;(C)0 is the Green function for the operator c|, = c|,^o that has the following 
expression in terms of the function E[C,) — 'i?(T, C, + ^^) : 

G.(C,0-e. £;(C-e) E{-v)- ^^-^-^^^ 
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Hence, we have 



T,V) 



k 
k/2 



k+ 1 



det 



fj-^ 2TT{k + 4) 



a(0,C(x)) 



+ ■■■ (5.3.39) 



To perform this Gaussian integral, we have to take care of the divergence coming from 
the singularity ~ log |(^ — .^pasC^'Cof the Green function for the scalar laplacian given 
by 

^ ' Vc, (5.3.40) 



TC 



T — T\2 



G(c,o = logic -er + ^(c-e-c+^ 

where c is a constant. We define the path- integral by first applying the point splitting 
regularization G{(, () G{( + A^, () together with the renormalization by multiplying 
the factor 

(5.3.41) 



64 



log|AC| = 



and then by taking the limit 0. This enables us to neglect the lower order terms 

+ • • • and we have the following expression 



-k-4, 



(2(fc + 2))^(4) 
27r(fc + 1)yo\Th 



rjidet'd^d) ^detid^dij 



-1 



(5.3.42) 



27r{k + 4) 



where Greg is the regularized value of the Green function at the coincident point : 



Greg = lim(G(C, - log IC - eP) = log| 27rr^(r) 



(5.3.43) 



in which //(r) is the Dedekind rj function. It is easy to see that the expression (|5.3.42| ) is 
independent of the choice of the constant c. 

We now recall the Jacobi's triple product identity 



E{C) = (1 - e-2"^^) n (1 - - 9"e2'^*'^)(l - g"e-2-<) = e'"^^g-m(r, C) , (5.3.44) 

n=l 

which shows that E'(0) = q^^2nir]{TY. We also recall the identity 



■|(det'ata) ^det(B^d, 



-1 1 -i --I^(„-i))2 

_ _^ 2t2 ^ 

2 ^ 



|n(r,t;l 



(5.3.45) 
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Then, denoting v by —Co and putting (^{x) — Co, we have 



2 



(2(fc + 2))H4) 
47r{k + l)volTff 



T"2 



r7(r) 



k + 4 



P{t,v) 2 



.7=1 

n pi^.Ci-CjW' 

0<i<j<| 



; p(T,C) = e^(^-^')>(T,C)| 



(5.3.46) 



The moduh space Mh is the = — (^o-plane with the identification (^o = iCo + n + rm 
where n, m G Z. Since we have Z^^^gl™) = Ck^p{T,v)^ and Z^|;\r, d) = 27r^p(r, d)^, we 
obtain the following expression for the partition function 



-'non— triv 



4(/c + 1) 



?7(r)-^ 



A; + 4 



n dXMr, Q) 



0<i<j<| 



The result of numerical calculations imply that this is independent of the modular pa- 
rameter r though we do not know the proof yet. 

The Full Partition Function 

Let us consider the full partition function of the model with even levels ki, k2- It is 
given as the sum 

Z{t) = Ztriv(T) + ^non-triv(T) , (5.3.48) 

of contributions from the trivial and the non-trivial S'0(3)-bundles. 

As we have seen in the preceding section, the partition function for the topologically 
trivial configuration is given by 

1 



^triv(T) = - J2 hh,j2),j3{'T) 



(5.3.49) 



ji 



js e pI*? js - ji - j2 e Z 



where we consider P_| as the set {0, |, 1, ■ ■ ■ , |} of spins integrable at level k. Due to the 
invariance under the replacement ((ji, j2),i3) — ((^ ~ ii' ^ ~ h): | ~ js): the sum can 

2 



be rewritten as 



E 





2 1 






+ 2 


V 4 5 4 /' 4 



(5.3.50) 
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where F° is a fundamental domain of the action of Z2 on P_f^^^ x P^^^ x pI'^-* — {(^, ^, |)}. 



2 

As we have noted, the term 2 ^/^i fc2-i ki'^) physically unsatisfactory since it may occur 
that the coefficients of some terms in the qq expansion are not integers. 

It may be possible that the addition of ^non-triv(T) (a constant) makes the full partition 
function Z{t) physically acceptable. In the following, we shall see that this is the case 
for the model with k2 = 2. 

The models with ^2 = 2 are known as the unitary = 1 supersymmetric minimal 
models. The existence of the super current Go satisfying = Lq in the Ramond sec- 
tor implies that the positive eigenspaces of Lq are degenerate with even multiplicities.ii 
Indeed, the branching function h 1, ^{t) is given by 

V 4 '2'' 4 

= f^E (5.3.51) 

_ i + 2E-i(-i)V"^ . . 

where is an integer defined by A^ = |(| + l)/2. Hence, if we could show that 
^non-triv(T) = |, the Coefficients of all terms in the qq expansion of the full partition 
function would be integers, and the model may be interpreted as a supersymmetric model 
with unique Ramond ground state. 

In the literature p|, such a constant term is interpreted as the contribution of the pe- 
riodic boundary condition of the corresponding statistical model. The above full partition 
function is the (A, A) modular invariant in the list in that reference. 



^^As before, this operator Lq should be expressed as ig ~ ^ in the conventional notations where c is 
the central charge of the theory. 
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CONCLUDING REMARKS 



We summarize what is done in this paper. We reahzed with certain geo- 
metrical meaning the spectral flows in such field theories that appear in quantization of 
the gauged WZW models or of models of free fermions coupled to gauge fields. We have 
expressed a correlation function of the model as an integral over the moduli space of 
holomorphic principal bundles with fiag structure at one point. The geometrical interpre- 
tation of the spectral fiow is conjectured to induce an identification of the moduli spaces 
corresponding to different topological types. The conjecture is checked on the sphere with 
general simple structure group and on the torus with the structure group PSL{2, C). Un- 
der the assumption that the conjecture holds true, we have obtained the relation between 
correlators that lead to the field identification. As an application, the condition of the 
non-vanishing of the torus partition function for topologically non-trivial configurations 
is determined in terms of the spectral fiow. 

It is clear that we need general proof of the conjecture : The map induced by the 
spectral fiow transforms a moduli space relevant in the path integral to another relevant 
moduli space. For the proof, it seems that we need a new characterization of the holo- 
morphic principal bundles with fiag structure that represent points in the 'moduli space 
relevant in the path integral'. It may be possible that a certain parabolic stability 
will play the role. 

In recent years, 'mirror symmetry' has attracted interests of many physicists and 
mathematicians. It was first suggested ||25|| by the existence of an automorphism of = 
2 super conformal algebra which is also called the spectral fiow. It implies a natural 
map (called the mirror map) between moduli space of Kahler structures of one complex 
manifold and the moduli space of complex structures of another smooth manifold. Though 
it seems very speculative, the present work may shed some light on the construction of such 
mirror map, or conversely the study of mirror symmetry may give a deeper understanding 
of the field identification phenomena. 
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Appendix 1. Lifting the Adjoint Action 

Let G be a compact simple simply connected Lie group with center Zq and H be the 
quotient group H = G/Zc- In this appendix, we prove that the adjoint acion of LH on 
LGc lifts to an action on the semigroup £^ introduced in Chapter 2. 

We start with the requirement that the weight e~'^^^o(^'5) for a surface Eq with bound- 
ary dTiQ = 5*^ is gauge covariant. (See ( |2.2.6 ) in Chapter 2 and the remark following 
that formula.) Assuming that there exists such a transformation ad7~^ : for 

/ o ' wz wz 

7 G LH, we can show that it is an automorphism of : 

g-fc/Eo(^^^-VMg-fe^Eo(^^?^-'92/^) ^ ^-kIso{A'',h-^gig2h)+krso{Ah,h-''gih,h-''g2h) 

where we have used the reation e-'=^so(^'9i)e-^^S()(^'92) = e-''^^o(^'9^92)+krs,M'9u92) _ 
The requirement of gauge covariance is equivalent to the following : 

7-i{(^,l)}7 = |(/,-l^/,^g-fc^^.o(o*A^(/^-l5/.Mh-V))+fc/^„(O.A,5.9))^ ^ (A_^_2) 

where Sq is a closed Riemann surface obtained by capping Sq by the disc Doq. Maps 
(yf : So ^ Gc and g : D^o — > Gc are related by = g\s and the values are dif- 
ferent from 1 only on a neighborhood U of S* in Sq- Maps h : "Eq Cl U ^ H and 
h : Doo n U ^ H are related by h\s = h\s = 76 LH. By a calculation we see that 
Ij^^(0-kA\{h'^gh)-k{h-^gh)')-Ij^g{0-kA,g-kg) = c(h,g) is independent of (/io,A,^o) : 

c{Kg) = KD^{h-Yh)-KD^{g)-^ f tT{{dgr'+ r'dg)hdh-'+ hdh-Yhdh-Y'}, (A.1.3) 

where K£,^[g) = ^ /^^^ ii{dg^^dg). This shows that t/ie adjoint action of the loop group 
LH on LGc to an automorphic action on the semigroup £^ hy the rule 

r'{{g. n)}7 = {{h-'gk ue-'<^^'^'^)}. (A.1.4) 

Remark. As is shown in [^, the lift is unique. In fact, the above transformation 
law can be derived also by transporting the transformation law given in that reference 
through the isomorphism of LGq and (/^ ) ^ given by 

[(7,P,c)]H^{(^7(p),ce^^^-^"-^^^^^^)} , 

where 7 G LGq, p is a path in LGq from 1 to 7, g{p) : D^o Gc is given by g{p){re^^) = 
p(r~^)(e^*^) and /3 is a one form on LGc given by 



f3^{6j) = / tr(7-irf7 7-i57) . 
47r J51 
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Appendix 2. Root Systems and Weyl Groups 

We describe here the basic facts on root systems and Weyl groups. The notation 
here is the same as in the Appendix 1. We choose and fix the maximal tori Tq C G, 
Th = Tq/Zc C H. We identify their Lie algebras Lie(T) = Lie(rG') = Lie(TH-) and 
denote by V = 'iLie(T) the purely imaginary part of its complexification. We introduce 
four lattices in V* and in V : 

V* D P 

u n (A.2.1) 
Q c V 

where A B means that A is the dual lattice of B. The lattices and P"^ are deter- 
mined in such a way that the exponential mappings induce isomorphisms Lie(T)/27r?Q^ ^ 
Tg and Lie(T)/27r2P^ ^ Th- P is the weight lattice of To- Q is called the root lattice 
since it is generated by the set A of roots of Lie(G), that is, the set of weights of adjoint 
representation of G or of if on Lie(G). The center Zq of G is isomorphic to P^/Q^. 

(2.1) Finite Weyl group. The Weyl group W of (G, T^) is defined by W = Ntq/Tg where 
Ntq is the normalizer of Tq in G. W acts adjointly on Tq and hence has faithful represen- 
tations on V* and V leaving invariant the four lattices and A. A VT-invariant inner product 
( , ) on V* is normalized as (a, a) = 2 for a long root a and defines a linear isomorphism 
t : V ^ V*. For each root a G A, we introduce a hyperplane Hq, = {x G V; a{x) = 0} 
and we denote by the orthogonal refiections with respect to H^. Since W preserves 
A, the family UaeAHa C V of hyperplanes is invariant by W. A chambre of A is, by 
definition, a connected component of V — UaeA^^a- Then, the following is known 

Theorem 1 (1) W acts simply transitively on the set of chambres. 

(2) If Hi, • ■ • , are walls of a chambre C, for each i there exist a unique root ai such 
that H^^ = Hj and that ai takes positive values on C. 

(3) The set B(C) = {ai, ■ ■ ■ , «/} forms a base ofV*. 

(4) The set S{C) = {s^i, ■ ■ ■ , Sq,;} generate W . 

(5) Any root a E A is expressed as a = Y^l^iUiai where rii are all non-negative integers 
or all non-positive integers. 

We choose and fix a chambre C. (3) and (5) shows that B(C) = {ai, ■ • ■ , ai} forms a base 
of Q and that the subset {/ii, ■ ■ ■ , /x/} of V such that = 6ij forms a base of P"^ dual 

to B(C). (5) of the theorem shows that A is decomposed as a disjoint union of the set A+ 
of positive roots and the set A_ = — A+ of negative roots where a root is positive if it takes 
positive values on C. We see from (1) that there exists a unique element wq E W such 
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that wqA^ = A_. It is the longest element with respect to the length / on W determined 
by S{C) where l{w) is the minimun length n of such sequence (sj^, ■ ■ ■ , Si„) of S{C) that 

W = Si, ■ ■ ■ Si . 

The highest weight of the adjoint representation is called highest root and is denoted 
by a. It can be shown that, for any a G A, a — a is a linear combination of elements 
of B(C) with non-negative coefficients and in particular, a is expressed as 
a = I]i=i iT'i'^i ^oi Hi > 1. We define a subset JT" of {1, ■ ■ ■ , /} by j G JT" <^=^ Uj = 1. Then, 
we see the following 

Proposition 2 a G P"^ satisfies \a{a)\ = 1 or for any a G A z/ and only if a = or 
a = w^j for w E W and j G J^. Moreover, any Q"^ orbit in P'^ contains one and only one 
element of {0} U { /Xj ; j G J^}. 

The latter part can be understood after we introduce the group Fg. 

(2.2) Infinite Weyl groups. The affine Weyl group H^g of a loop group LG is defined by 
= N^^^^^f^/{U{l)xfG) where A^[/(i)xfG normalizer of U{l)xfG in U{l)xLG 

where the group U{1) of rigid rotations acts on LG by {u-y){z) = 'y{u~'^z). We have the 
isomorphism W^g = llom{U{l),TG)xW = Q)^xW. W4fj can naturally be considered as a 
normal subgroup of the affine Weyl group = IIom(f/(l),TH)xW' = P^xVT of LH. 
The adjoint action of on the Lie algebra iV = iRrot©^V©iRK of the torus U{1)xTh 
and the action on its dual V* = R©V*©R is given by 

e"'"^U7 :(x,t,?/)GV i — > (^x,wt-xa,y- tT{awt) + |tr(a^) G V, (A.2.2) 

e-^"^w: (n,A,A;) G V* i — > [n + wX{a) + ^1(0^ ,w\ + k''a , k) G V* . (A.2.3) 

This action preserves the following non-degenerate symmetric bilinear form on V* : 

(( ni , Ai , fci ), ( ^2 , A2 , A;2 )) = ( Ai , A2 ) - ^11^2 - ^1^2 • (A. 2.4) 

An affine root of LG is, by definition, a weight of the adjoint action of U{1) x Th on 
the Lie algebra LgQ. The set Aag C V* of non-zero affine roots is invariant under the 
action of W^^ and is given by Aaff = Z^qX {0} x {0} U Z x A x {0}. 

The hyperplane V^, = {x} x V in Vafr = V/Ri^ is W/g- invariant for each x G Rrot- 
Identifying V with V_i we see that forms an affine transformation group of V (see 
( |A.2.2[ )). Since the family {Ra] a&/\.^s of hyperplanes in Vafr is W^g-invariant where Hq, = 
{ vG VafT ; a(v) = }, the family {HQ,}^gZxAx{o} of hyperplanes in V is invariant under the 
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affine action of Wj^f^, where B.(n,a,o) = H(„,a,o) H V_i = { V; a{t) = n}. We denote by Sa 
the orthogonal reflection with respect to 7^ 0. An alcove is, by definition, a connected 
component of V — UaeA^ff'Ha- Then, we have the 

Theorem 3 (1) H^g acts simply transitively on the set of alcoves. 

(2) If Ho, Hi, • ■ ■ , H; are walls of an alcove C, for each i there exists a unique affine root 
cxi such that Hq,- = Hj and that dj takes positive values on C. 

(3) The set B{C) = {Aq, Ai, ■ ■ ■ , forms a base o/R©V*©{0}. 

(4) The set S{C) = {sa^, s&i, ■ ■ ■ , ss^} generates W^s ■ 

(5) Any affine root a E Aag is expressed as a = I]i=o^«'^i where rii are all non-negative 
integers or all non-positive integers. 

A chambre C determines an alcove C = {t G C; a{t) < 1} which gives B(C) = 
{(— 1, 0), (0, «!, 0), ■ ■ ■ , (0, ai, 0)} where = —a. (5) of the theorem shows that the 
set Aaff is decomposed as a disjoint union of the set Aafr+ of positive affine roots and the 
set Aaff- = — Aaff+ of negative affine roots where an affine root is positive if it takes pos- 
itive values on the alcove C. The root vectors for a G AafT+ generate a Lie subalgebra 
of Lgc corresponding to the subgroup A^"^ of LGq. 

also acts on the set of alcoves and we denote by C W^^ the isotropy group at 
C. Then we see that W^^ decomposes into semi-direct product of and : 

W^ff = PKffxFg . (A.2.5) 

The subgroup Fg preserves the decomposition Aafj = Aafr+ U Aag- which shows with the 
aid of (5) of the theorem that Fg permutes the elements do, of B(C). Looking at 

the transformation rule (|A.2.3| ), we see that the homogeneous part of Fg permutes the 
distinct elements Oq, ai, ■ ■ ■ , of A. Since the relative disposition of these / + 1 roots is 
used to construct the extended Dynkin diagram, Fg can be identified with a subgroup of 
the group of Dynkin diagram automorphisms. 

We describe the group Fg more explicitly. For each i G J C {1, ■■■,/}, we take 
a subgroup Gi of G sharing a maximal torus with G whose roots constitute the set 
Aj = {a G A; Oi{jii) = 0}. We think of its Weyl group Wi as a subgroup of W and we 
take the element Wi G Wi of maximal length with respect to the length determined by 
Si = {sa E Wi] a E Bi} where Bj = B(C) — Then a direct calculation shows the 

Proposition 4 The group Fg is given 6y Fg = { 1 } U { e'^^^^^WjiVo G W^q ; j E J' } . 

Note that the embedding W^g induces the isomorphism P^/Q^ = Wls/W^ff = Tg. 

Now we see that the latter part of the proposition 2 holds true. 
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Appendix 3. Orthogonality of Characters 

We give a proof of the orthogonality formula between characters of integrable repre- 



sentations of the loop group which is essentially due to |]T6|. We use notations introduced 
in Appendix 2. 

Let X(A,A:)(''") be the character of the representation L(^x,k) of the group LGq defined 
in ( |5.2.6|) and let No be the moduli space of fiat connections of the (trivial) G-bundle on 
the torus which is realized by Vc/ (Q"^ + rQ^)xiy. We shall prove the equation 



(A.3.1) 

where u^, - ■ ■ are the coefficients of n = I]j=i u^^^j with resect to the orthonormal base 
tr(ejej) = 6ij and the volume of the torus V/Q^ is determined with respect to the metric 
'tr'. 

To prove it, we make essential use of the Weyl-Kac character formula 

XiA,k)ir,u) = ^ (-l)'('")e.(A+,),,+gv(n,r)/n(r,n) , (A.3.2) 



where n(r, u) is the Weyl-Kac denominator defined in ( 5.1.16| ) and GA,fe is the classical 
Theta function of degree k with characteristic A given by 



As the fundamental domain of the group (Q"^ + tQ/)xW in Vc, we take the following 



eA,fc(r, 'u)= J2 g^i^'^-'^^e^^^") . (A.3.3) 



WCx{-t)C, (A.3.4) 

where C is an arbitrarily chosen alcove. We introduce the real coordinates ip^ and (f)^ 
related to u by = — rip^ . Since WC is the fundamental domain of Q^, we have 

r ' 

/ ^ TT di)^ e2ni{rm{u)-m2{u)) ^ ^ Anr^m^W yQU^C) , (A.3.5) 

Jwc fj-^ 

for 7711,1712 G P. With the aid of this relation, the integral I in the left hand side of (|A.3.1|) 
is expressed as 

U>l,«>2eTy „.e(fc+gV-)trQV j = l 

x5„,,„,e^""^"i(^) vol(iyC) . (A.3.6) 
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Note that 6n^^n2 7^ only if wi(Ai + p) - W2(A2 + p) e {k + g^) *''Q^. Since Ai + p lies in 
{k + g^) *''Q^ for i = 1,2 and since C is a fundamental domain of W^s = Q^xiy, we must 
have Wi = W2 and Ai = A2. Then, the integral is given by 

X = vol(V/Q^) (5a,,a2 E / []2c/0^'e-2'^"^('^+s')*'^('^-")' (A.3.7) 

■wew ^ j=i 

= vol(V/Q^) 6^,,A, / n 2f^0' e-2--2(^+g")tr{<^+-)^ _ (A.3.8) 
This Gaussian integral is easily seen to coincide with the right hand side of ( |A.3.1|) . 
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